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PREFACE 

In this book the treatment of those useful and interest- 
ing functions known as the exponential and hyperbolic 
functions is not intended to be either academic or 
exhaustive, but is designed specially to meet the 
requirements of students more concerned with the 
applications than with the intricate niceties of the 
theory of these functions. 

The object is to guide the reader quickly and easily 
from elementary mathematics to these important rela- 
tions without burdening the mind with pedantic proofs 
and remote possibilities. 

Only an elementary knowledge of trigonometry, 
differentiation, and integration is assumed. The rela- 
tions established are of great use to students of applied 
science, especially of electrical engineering, physics, 
chemistry, and even economics, but students of mathe- 
matics also will find the sequence interesting. 

With this knowledge of mathematics the student 
will be able to read without difficulty such modern 
works as Electrical Power Transmission and Inter- 
connection (Dannatt and Dalgleish, Pitman), and the 
many American publications on advanced electrical 
engineering. 

The sections marked with an asterisk may be omitted 
without breaking the continuity of the subject. 
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ABBREVIATIONS 
AND SYMBOLS 

log : Common logarithms (base 10) 
logh : Napierian or hyperbolic logarithms (base e) 
j : Square root of minus one 
: Nearly equals 

! : Factorial ; e.g. 41=4x3x2x1 
: Therefore 
i.e. : That is 



THE EXPONENTIAL 
AND HYPERBOLIC 
FUNCTIONS 

AND THEIE APPLICATIONS 

CHAPTER I 

THE EXPONENTIAL FUNCTION 

§1. The primary object is to find a series in powers of x 
which on differentiation gives the same series. 

The series obviously may be of the form 

x ° , x 1 , x 2 , a?, x \ z 5 , etc. . . (1) 

The differential coefficients of these terms are, respec- 
tively : 

0, 1, 2x, Sx 2 , &X 3 , 5x* } etc. , - (2) 

It only remains to decide what numerical coefficients 
will make the two series alike. 

Write a , b, c, etc., as the coefficients of x, x 2 } a?, etc., 
respectively; then since x° = 1, series (1) becomes 

1, ax , bx 2 } cx 3 , dxt, ex h , etc. . . (3) 

and by differentiation we obtain the series 

a, 2 bx 3 3 cx 2 , 4dx 5ex 4 , etc. . . • (4) 

For the last two series (3 and 4) to be alike, it is seen 
by comparison that 


3c = 6 = | 

= c = TH 

1 


C ~ 2 . 3 

a 2.3.4 

1 

__ 1 

“ 3! 

~ 4, 


etc. 
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Hence the series required is: 

x 2 x 3 x 4 x 5 

1, X, 21 , 3l , 4l , 5l etc. (5) 

This series is known as the Exponential Series. 

§2. Properties. The differential coefficient of any term 
is equal to the term immediately in front of that term. 
For example : 

d_ fx^\ __ 2? 
dx\4l) ~ 31 

/jjW-l 

hT ow the nth term of the series is -r-r and the 

aj» (m-1)! 

(n + l)th term is 

m The ratio of the (n -f- l)th term to the nth term is, by 

division, ~, which may be made as small as we please by 
n 

making n correspondingly large. 

In other words, series (5) is convergent .and its sum has 
a limiting value. 

The fact that the series obtained by differentiating (5) has a 
term less than series (5) is of no consequence when we are 
dealing with the sum of the whole series . 

§3. The Sum of the Exponential Series. Let the sum of 

the series when x = 1 be denoted by the symbol e, then 

e=l + l+ ^j + ^j+^j + ^-j+ etc., to infinity. (6) 

The value of this can be worked out to any desired place 
of decimals. To five places, 

e = 2*71828. 

It will now be shown that the sum of the series in x s i.e. 
series (5), is equal to e x . 

Consider the following : 

If we multiply a few terms of the series in # by a few 
corresponding terms of the same series, but in y, and 
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arrange the products according to degree, we obtain a 
series in (x + y) thus : 


f o-2 o*3 

1+a:+ F! + 3-! + etC - 


M 


1+y + fl + F + etc 


) 


= 1 + a; + y + Y& *y + fl+ f]+ ^ + fn + etc - 


= 1 + (x + y) + 


(x + yf ( x + yf 


2 ! 


3! 


4~ etc. 


( 7 ) 


If now we take x equal to 1 and also y equal to I on both 
sides of this relation (7) we obtain the result e X e, 
i.e. of e 2 , namely, 

02 03 

e 2 =l+2 + g-j+ — 4“ etc. 


and, similarly, if a; is 2 and y is 1 we get 

02 03 

e 3 =14-3 + 2 “, + ^-j + etc. 
and, generally, we may write for any exponent x 

«* = !+* + J+etc. . . (8) 

and for the exponent y 

ev=l+ 2 /+|- ! + |l + etc. 

Result (7) is now seen to be consistent with the statement 

e* x + v) 


in which e x , e y , and + 2/) represent the series given, and e 
is the sum of series (6), i.e. approximately 2-71828. 

Further, if we write kx for x in (8) k being a constant, 
we obtain the series 


c kx — l + kX + 


k 2 x 2 

21 


+ 


k 3 x* 

31 


+ etc. 
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§4. Any Number can be Expressed in the Expo- 
nential Form. 


Take 6 for example. 

T . „ * , , log 6 *7782 

Let e x = 6, then x = = -^g = 1*79 approx. 

/. 6 = e 1 * 79 


= 1 + 1*79 + 


(1*79) 2 

21 


+ 


(1‘79)» , 

~TT + 


(1-79) 4 

4! 


etc. 



§5. Logarithms to the Base e. Referring to the above 
numerical example, it is seen that 1*79 is the power to which 
e must be raised to give 6. In other words, 1-79 is the 
logarithm of 6 to the base e, or briefly, 

1*79 = logh 6. 

Logarithms to this base are more important, mathe- 
matically, than those to the base 10. 
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Ihey are called the Natural or Napierian logarithms) 
and were invented by John Napier about the year 1614. 

Fig. (1) shows the graph of logh x. 

§6. Napierian and Common Logarithms. Napierian log- 
arithms = common logs x 2*3026. 

Proof — 

Let z = logh a, 
then e z = a 

and taking logs to base 10, 

z log e = log a 

log a log a 

Z log e *4343 
= log a X 2*3026, 
i.e. logh a = log a x 2*3026 

For the fundamental calculation of Napierian logarithms 
see page 40. 

It is sometimes convenient to write a term such as ct a” 
in the form a , or the term a x as e x l °Q h a > 

§7. Series form of e' x 

That <>-*=* -x + -etc. (9) 


i.e. the series obtained by substituting —x for x in the 
series of e x , may be verified by dividing out to a few terms 
the reciprocal of e x , namely. 


1 

1 + * + m + r , + etc. 


( 


Remember that e~ x 



The graphs of e x and e~ x are shown in Fig. 4. 

Observe that both e x and e~ x are positive for all values 
of x. 
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EXERCISES 

1. Arrange each, of the following as an exponential series: (i) 2 , 
(ii) 10 , (iii) 0-3, (iv) VI. 

2. From the fact that log(e 3 ) — 31oge, calculate e 3 Similarly 

I _ _ 7t 

find e3, e^2, V e, e2, e 2. 

3. Find z such that e z = sin 30°. 

/^«2 

4 . Show that 1 -a — 7 ^-^ - etc. = 2 - e*. 

5 . Write e " 1 in series form, and from this series find e' 1 to 4 places 
of decimals. Check your result by comparing it with the quotient 

1 

2-71828* 

6 . Write down series ( 5 ) omitting the first term, and underneath 
write the geometrical series 

— . 1 . 1 . 1 | , 
l + g + ©tc. 

Compare the two series term by term and verify that the first is 
less than the second. Hence show that the sum of the first is less 
than 2 and that e is therefore less than 3. 

Fig. 2 shows how the sums of the terms of these two series increase 
with the number of terms added together. For the same number 



2 3 4 5 6 7 • 

No . of terms . 

Fig. 2 


Graphical comparison of the series 
(e-l) = l + ~ 4- A. + etc. 

and the G.P. 1 + \ + J 


4- etc. 
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of terms the first is less than the second excepting for the first two 
terms when they are equal. 

§8. Differentiation and Integration of Exponentials. From 
fundamental considerations, series (8) we may write 


(i) 

~ (e x ) = e x 

(10) 

and 

J e x dx = e x + C 

(11) 

(ii) 

If y — e kx , then. — = ke kx — ky , , 
dx 1 


i.e. 

( e kX ) fc e kX = fcy 

(12) 


This can be shown by differentiating the series 

*> 7(«2/y«2 J*3q»3 

1 + kx + —■ + ^2- etc. 


thereby obtaining 

+ kx ~ -+- etc.^ = ke ix = ky; 

or by putting lex — z and applying the well-known relation 

dy dy dz 

dx dz ' dx' 


From (12) it follows that 


/ 


e kx dx = 



(iii) If y = logh x, then x = &y 


and 


dx 
dy ' 


eP — x 


dyy _ 1 
dx x 


. ( 13 ) 


-( 5731 ) 
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dx 


(logh x) 


1 

x 


and 


r dx _ 


logh x + C 


Tlie following are also easily proved : 

j 

(iv) — (e - ^) = — he' kx 


/■ 


p~kx 

e~ kx dx = - -= {- G . 

fc 


(v) ^-(e k ~ ax ) = - ae k - ax 
dx 


/' 


pk-ax $*£ = — . 


pk-ax 


G 


<"> ;K (logll,t ± *» “ ± iX 7 ,: 


/. 


d . 


(vii) s («*) = 


dx 

k z b # 

d(e* logh a) 


== ± logh(& ± a?) + C? 


dx 

= (logh a)e* * 
= (logh a)a x 

a x 


f 


a x dx = 


logh a 


+- 0 :‘ '• 


EXERCISES 

1. Show that -^-(e"*’ 2 ) = 2ar a e"*’ 2 . 

2. Show that ~(logh(jK: ± owe)) .=. -£ jgr^- 
and that 

da; 1 . 


/: 


i£ dr ewe 


= dr — logh(i£ dr eta?) d~ O* 


( 14 ) 

( 15 ) 


( 16 ) 


( 17 ) 


( 18 ) 


( 19 ) 
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3. Find the area between the graph e x and the axis of x from 
x = 0 to x = 1. 

h 

4. Find the area under the graph of xy = h or y = —from x — 1 

to x = 3 and generally from x = x x to x = x % . 

5. The difference in potential (V) between two coaxial cylinders 
of radii a and b when Q is the charge per unit length of one of them 
and the other is earthed, is : 


Ja r ‘ 1 


The capacity per unit length is Show that ^ equals — - 

V V 2 logh -- 

CL 

6. The potential at a point distant r x and r 2 from two thin parallel 
conductors carrying charges -f- q and - q respectively, per unit 

length is j* S ^ .dr — J ^ dr. Show that this equals ™ logh — . 

7. The work done when a gas expands from volume to volume 

v 2 is f 2 Pdv, in which P represents pressure. If Pv = K (con- 
Jv 1 

stant), show that the work is K logh 

8. Show that -j^(x logh x) = logh x -j- 1, and hence verify that 
f logh xdx = x logh x - x. 

9. Show that -j — — r = — — - — 

x(a — x) x 1 a — x 


and that f . -r = — logh — — — -f C 

J x(a — x) a a — x 1 



CHAPTER H 

APPLICATIONS 


§1. Result (12) Chapter I, namely: if y = e hx then ^ 

= Icy is of interest in that it illustrates a function the rate 
of change of which is proportional to the function. 

The function e hx has values ranging from the infinites- 
imal (when x is negative and numerically large), through 
finite values to the infinite. (See the graph of e x .) 

It may be taken to represent growth in which the rate 
of growth at any value is proportional to that value. Such 
growths are met with occasionally. If in the case of a sum 
of money put out to interest the interest were added every 
moment, we should have an example, since the rate at 
which the amount would grow would be proportional to 
the sum standing to the investor’s credit at that moment. 

If h is the rate of increase, say per £ per annum ; t the 
time in years ; P the principal, and A the amount, then 


dA 

A — Pe u , since = hPe u = hA 
dt 


i.e. the rate of growth is proportional to A. 

Consider the following examples. 

Example 1 

To find the sum to which £1 will amount in 10 years 
at the rate equivalent to £*05 per £ per annum, (i.e. 5% per 
annum) the interest being added every moment. 

Let £A be the amount, 
then A = 1 x e* 05 * 10 = e* 5 

Log A = *5 loge = -5 x *4343 = *2172 
A = £1*649. 

When the interest is added yearly the result is 
A = I x (1-05) 10 = £1*629. 

10 
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Verify that by 20 years’ continuous growth £1 would 
become £e = £2*71828, whereas if interest were added 
yearly £1 would become £2*655, while at simple interest 
it would be merely doubled. 


Example 2 

At a particular instant there is in the bank to a person’s 
credit say £1,000. Two years later the amount is £1,100. 
If interest were continually accruing find (a) the rate of 
growth, ( b ) how long it has been accumulating if the original 
sum were £1, and (c) the approximate increase in the subse- 
quent week. 

j Note. It is sometimes necessary to remind students 
that interest is increase, and rate of interest = rate of 
increase. 


Solution — 

e kt = £1,000 where k is the rate of interest 

e *(* + 2 ) ~ £1,100. and t is the time to accumulate 

£ 1 * 000 . 


By division 
and by logs 


e 2 * = 11 
2k = logh 1*1 

k 


logh 1*1 
2 


♦0414 x 2*3026 
2 


= -04766 or 4*766%. 

From the first equation 

. logh 1000 1AACi 
t = — — — 144*9 years 

Let SA be the increment in one week, then since 

dA 


and 


SA 
SA : 


A — e kt and — ke ht = kA 
dt 

■s-* 

: 04766 X 1100 X ^ = £1-008 


(a) 

(*) 


(c) 
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Examples 1 and 2 are rather hypothetical in that banks 
do not add interest in this manner, but they are chosen 
to illustrate continuous growth and what can be calculated 
from given data. 

Example 3 

The natural rate of increase in population at any time 
is considered to be proportional to the population at that 
time : 

That is, if P is the population 



i.e. logh P = let + C. 


If P 0 is the population at time t — o then C — logh P 0 , 
and logh P — logh P Q = let 
P 

or logh — = Jet, 

or P = P 0 e u . 


Numerical Example. The population of England and 
Wales in 1881 was 25*974 millions and in 1891, 29*003 
millions. What should it have been in 1901 if the increase 
had followed the natural law of increase stated above ? 

Solution — 

Let P 0 — population in 1881, in millions, , 

P x = population in 1891, in millions, 

P = estimated population in 1901, in millions. 

Eirst determine h from the relation 
Pi = P 0 e u in which t = 10. 
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By common logs 

__ log P x log P G 
10 log e 

1-4624 - 1*4145 
4*343 
= *01103. 

Then calculate P from the relation P = P Q e 01103 x 20 . 
Again by common logs: 

log P = log P Q + *2206 log e 
= 1*4145 + *0958, 

= 1-5103. 

By antilogs, P = 32*38 millions. 

The actual census population was 32*528 millions. 

As an. exercise, calculate the population for 1911. 

Example 4 

In economics the problem of depreciation arises in such 
cases as the value of property and machinery. There are 
instances in which the rate of depreciation is proportional 
to the value at the time of consideration. Symbolically, 
if v is the value at the time t then 

~ ~ — (minus because decreasing) 
cut 

and J 

i.e. logh v = - let -f- C. 

If V is the initial value, i.e. at t = 0 
then G — logh V 

and logh v = - kt + logh V 

v 

or logh y = - Jet 

v = Ve~ kt . 


or 
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Numerical Example. Suppose that a machine costing 
£500 is worth only scrap price, say £5, in 10 years ; find the 
value at the end of 5 years. 

We have, V = 500, t = 10, and v — 5. 


For t = 5, 


k — - logh 


500 / 10 
logh 100 


10 


= -4605. 


V = 500 <2'* 460S X 5 


= 500 e- 2 * 3025 

- 5<w *n 

= 50, 

i.e. in 5 years the value is £50. 

2 tLT (i) * be ™ lue of the ob °™ machine after 

value”’ h6 S 111 WhlCh lfi depreciates to half its original 

Example 5 

A body moves so that its velocity in ft. p. see. is numeric- 
ally equal to one-tenth its distance in ft. from a fixed point. 

instant ZPreSS1 ° nS fOT ltS position and velocity at any 

times t (sec ^ 6 distance ( ft -) 410111 the Axed point at the 

then v = — = — 

dt 10 

s ~~ lQ dtf 

and by integration 


loghs = ~+C. 
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To find C it is useless to put 5 = 0 for lo gh 0 = — oo . 
If, however, we represent the distance of the body from the 
fixed point when t = 0 by 8 0 , then, 

C = logh S Q 

and logh * = Jq + !ogh 8 0 

■j , s t 

or ^s=l 0 

or 5 — 8 n e 10 

which gives its position. 

Further, v = ~ = ^e 10 
at 10 

which gives its velocity. This is seen to equal 

s 

10 

For example, if the body is 1 ft. from the fixed point 
when t = 0, we can find the time and velocity when s is, 

say 20, and check the relation ; thus from s = 8 0 e 10 
t = 10 logh 20 
= 10 X 1-301 x 2-3026 
= 29-957 sec. 

_L ,,2. 9957 

v ~ io e 

log v = log *1 + 2*9957 log e 
= I + 2*9957 X *4343 
= I + 1*3010 
= -3010 

v = 2 which is a tenth of 20. 
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Example 6 

By Newton’s law of cooling tlie rate of fall in temperature 
of a body is proportional to the excess of its temperature 
OYer that of its surroundings. ^ 

If 6 = excess temperature and t denotes time 
then ^ = -JcQ 

Cit 

and, therefore, by integration 

logh 0 = - Jet + C 

If 0 o is the excess temperature when t = 0 
then G = logh 6 0 

and 0 = 0 o e~ ht 

Exercise : The temperature o£ a cooling body is observed to be 
100° C. and two minutes later to be 80° C. If the temperature of 
the surroundings is kept constant at 20° C., find the temperature of 
the body at the end of another three minutes. 


Example 7 

The velocity of chemical reaction is proportional to the 
concentration of the substance. (Guldberg and Waage’s 
Law.) 

If s = original amount of substance per unit volume 

and x = amount transformed in time t 



and by integration 

- logb(s - x) = H + O t 
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Since x is o when t is o, G — - logh s 
- Jet = logh S ~ X 


s 

from which, x = 5(1 - e~ kt ) 

From known simultaneous values of x, s and t, h can be 
determined and used to find other values of x. 


Example 8 

The following is met in the study of electric currents. 

(i) On applying a constant e.m.f. (E) to a circuit of 
resistance (JR) and self-induction (L), the current ( i ) grows 
at the rate given in the equation : 

zj + Ri = E 


and from this the value of i at any time t can be determined. 


Transposing, 

/7i" 

H 


E 

R 


= ^dt 
JLs 


By integration 


- lo gh(J-i) = + c 

E 

Now when t is 0, i is 0, G = - logh 

a 

io gh(|-i)- iog h|=-§ 
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or 


or 


E . 



R 



It is explained in books on electricity that is tbe full 
or ultimate value reached by the current. ** 

(ii) When the circuit is broken E is zero and the current 
falls in value. The given equation reduces to, 


di __ JR. 
It ~ ~7? 



and by integration 

logh \ + c 


If I is the value of the current when t — 0, i.e. just the 


instant the circuit is broken, 

then 

c — logh I 

and 

, , i R. 

logh j = --t 

and 

i = Ie * 


1 is, of course, equal to of the unbroken circuit. 
M 


Example 9 

Leahs 

Cases in which the rate of escape is proportional to the 
quantity present or remaining. 
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If q — quantity present at the time t 


then 



(k is a constant) 



logh q — — kt + C 


If Q is the quantity when t — 0, G — logh Q 
and logh q — — kt + logh Q 

from which q — Qe~ kt . 

Worked Example. An electric condenser leaks such that 
the rate of loss is proportional to the quantity contained. 
At a given instant the quantity remaining is 20 coulombs, 
but after 60 secs, it is only 18 coulombs. Find (i) the 
quantity remaining at the end of the next 30 secs. , and the 
time to lose half the charge, i.e. 10 coulombs. 

From q = Qe~ kt 

18 = 20 e" 60fc 

_ log 20 - log 18 
/C ~ 60 log e 

_ *0457 
26*058 
= *001758. 
q = Qe- 001758 *. 

To find the quantity (q) remaining after a further 30 secs., 
i.e. 90 secs, from t — 0, 

q = 20 e- 15822 

(i) = 17*07 coulombs. 

To find the time for the charge to fall to half, we have : 

e -. 0017581 .5 
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(ii) 

Example 10 


_ log • 5 
•001758 log e 
- -3010 

— - -0007638 

— 394 secs. 


It is shown in the study of engineering that the ten- 
sion ( T ) in a belt passing over a pulley and the angle of 
lap (6) are so related that the rate of change in tension with 
the angle is proportional to the tension. 


i.e. 


dT 

dd 

dT 

~T 


= jllT where p, is the coefficient of friction. 
= ju cW 


and by integration, logh T — pd + C. 

If T 0 is the tension where 0 = 0, i.e. at the slack side 
of the belt, then G = logh T 0 , 
and logh T = pd + logh T 0 

or T = T 

As an exercise, calculate T for a rope hanging over a pole for 
the case in which ju = 0*5, T 0 = 1 lb. and 0 = tc radians. What 
is T if the rope is wrapped round so that 0 is 3 tt ? 


Example 11 

The pressure of a fluid varies with the density, and it is 
well known that the density of the atmosphere decreases 
with increase in altitude. 

The relation is that the rate of change of pressure with 
altitude is proportional to the density and therefore to 
the pressure, provided the temperature is constant. 

If p is the pressure at altitude h 

dp 


dh 

r dp 


— — kp } where k , is a constant. 


Tcdh 


/?-/* 

logh p = - Jch + G 


then 
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If is the pressure at h = 0 then 
G = loghp 0 

loghp = - Jch + logh p Q 
or p = p a e~ kh . 

Exercise : If the pressure is 30 in. of mercury at sea-level and 20 in. 
at 10,000 ft. altitude, what would it be at 5,000 ft., the temperature 
being considered constant ? 


Example 12 

Imagine a moving body to be subjected to a retarding 
force proportional to its velocity. Find (i) its velocity at 
any instant, and (ii) the distance travelled in any given 
interval of time. 

Let M be the mass of the body and v its velocity at any 
instant. 

The retarding force is — kv and by elementary mechanics 
is known to equal the product of the mass and the accelera- 
tion. 

dv 7 

i.e. M — = ~ lev 


or 




= — Kdt where K — 

M 

Integrating with respect to t 
logh v = - Kt -f- G 

If at t = 0 the velocity is V 0 then G = logh V 0 
and .*. logh v - logh V 0 — - Kt 

or logh =-Kt 

' a 

or (i) v — V 0 e- Rt 

This gives the velocity at any instant. 
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Let S be the distance travelled in time t 
then 8 = J vdt 

= f V 0 e' m dt 

v p-Kt 


from (i) 


V 

If 8 = 0 when t — 0, then C = 

and (ii) B = ^(1 - er Kt ) 

Jti. 

This gives the distance travelled in the interval 0 to t. 


EXEBCISES 

1. A ship of mass 800 tons gradually comes to rest. If the resist- 
ance of the water varies as the speed of the ship, and the ship is 
observed to travel 100 ft. in 30 sec. and 140 ft. in the next 60 sec., 
find when the velocity is 1 ft. per sec. and what the retarding force 
is at that instant. 

2. Work out the relations corresponding to (i) and (ii) when the 
resisting force varies as the square of the velocity. 

§2. Plot the graph of sin x for, say, three cycles (i.e. for 

X 

x = 0 to 677 ). Calculate values of e 10 for convenient 
values of x , e.g. etc., and multiply the 

ordinates of sin x hy these values, thus obtaining the graph 

X 

of e 10 sin x. 

It will be observed that the ordinates are gradually 

- x 

reduced by introducing the factor e 10 . 

The result suggests the damping of waves ; that is, the 
gradual decrease in amplitude. 

§3. The equation to the rectangular hyperbola is 

7 h 

xy = k or y — - 
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The area bounded by the curve is given generally by 




%Lc 

X 


= k logh x -h C. 

Between ordinates at x ± and x the area is k logh — . 



§4. The sub-tangent of the logarithmic curve y = k logh x 
y = k logh x 

, dy k 

dx x 

Referring to figure (3) let s = the length of the sub- 
tangent ; then at any value of x, 

y = t 

s dx x 

s - k 
= x logh x. 

At x = e, s = e logh e = e ; i.e. the tangent passes 
through the origin in this case. 

3— (5731) 
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EXERCISES 

$/f 

1. If r — aekd, show that — = hr , and interpret the result. 

2. On squared paper set out a number of radii making angles 

0 — 0, etc., to 3 tt radians, with the horizontal. Make 

these radii of length r calculated from the equation, 

r = aekQ 

in which a = *2, k = i, and 0 has the above values. 

4 

Join the ends by a continuous curve thereby obtaining a spiral 
known as the equiangular spiral. 

The area of the sector limited by two radii at angles 6 X and 0 2 
is Find the area for 0 2 = 7r and Q x ~ 0, and for 0 2 = 

and Q x = 2n. Verify the results by counting the squares. 



CHAPTER III 

HYPERBOLIC FTENCTIOlSrS 


§1. The hyperbolic functions are formed from the expo- 
nential functions e x and e~ x . 

Thus 

e * = 1 + x + t. + £ + etc. 

/V<3 

e-*=l-z + m - m + etc. 


By addition and division by 2, 

= i + ^ + ^ + ^ + et0 

2 ^2!^4M6M 

and by subtraction and division by 2, 
e x _ g-# a? 3 cc 5 x 7 

— = x +3l + 6! + r! + etC - 


(1) 

(2) 


Because of similarities between these and trigonometrical 
functions, which will be appreciated later. 



eX 6 X is called cosh x 
£ 

(3) 

and 

0OJ _ Q-X 

is called sinh x . 

* (pronounced shine) 

W 

Also, 

sinh x e x -&~ x . „ , , , 

— _ — = . — — is called tanh x . 

cosh x + e 35 (pronounced tank) 

(5) 


The graphs of cosh x and sinh x are shown in Fig. 4. 
§2. The following relations are important and in some 
cases are similar to those met in trigonometry. 


, e* + , e* - er* 

cosh x + sinh x = 1 — = e x 


( 6 ) 
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e x 4- e~ x e x — e~ x 

cosh x — sinh x = — = e~ x 

2j 2i 

(7) 

cosh to - sinh 2 * = + e '*JL (** ~ e ~*J 


= e x X e-« = e° 


i.e. cosh 2 # — sinh 2 # = 1 . 

• (8) 

Hence cosh x = V sinh 2 # +1 

• (9) 

sinh x = Veosh 2 # - 1 

• (10) 

Again, 


(cosh x -b sinh x) (cosh y + sinh y) = e x X 

ev ~ e& + v) 

(cosh x - sinh x) (cosh y - sinh y) 

= e< x + v) 


hyperbolic fthstctions 
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Multiplying out, 

cosh x cosh y + sinh x sinh y + cosh x sinh y 
4- sinh x cosh y — e (x + ^ 
cosh x cosh y + shih x sinh y — cosh x sinh y 
— sinh x cosh y = v) 

By addition, 

cosh x cosh y + sinh x sinh y 
+■ y) + 

~~ 2 

= cosh(# + y) . . . (11) 

By subtraction, 
cosh x sinh y -j- sinh x cosh y 
+ y) _ q- (« 4 - y) 

5=8 2 

= sinh (re + ?/) . . . . (12) 

If in (11) and (12), y = #, then 
cosh 2x — cosh 2 # + sinh 2 # 

= 2 cosh 2 # -1 or 2 sinh 2 # + 1 . (13) 

and sinh 2# = 2 cosh # sinh # . . . . (14) 

The reciprocals correspond to those in trigonometry, 
thus : 

cosech = -ip , sech = — i-r-. coth = 

sinh cosh tanh 

The f ollowing are easily proved : 

sech #= Vl - tanh 2 # . .... (15) 

cosech x = V coth 2 # - 1 . . . . . (16) 

§3. Inverse Hyperbolic Functions. The inverse hyper- 
bolic functions can be expressed in terms of logarithmic 
functions. 
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If cosh.- 1 ^ = y, then cosh y — - 
a * * a 

and since sinh y = V cosh 2 y - 1 

. , , ^x 2 — a 2 

sinh y — db 

ix- 

But cosh y + sinh y = 
a: ± Vx 2 -a 2 


or 


a 

y = logh 


= ev 

x i Vx 2 — a 2 


a 


i.e. 
Similarly, 


I 's/ , q2 

cosh - 1 - = logh — — 

a a 


x jc +* Vx 2 -f- a 2 


sinh - = logh 


a2 : 
a 


a; 
' <z 


i.e. 


a 


tanh y 


X 

1 

Ch 

4 

a 

e y 4 - e -v 

A a 4" 

%ev 

V a-x ~~ 

%e~y 


(17) 

(18) 


and since — ev 
e'V 



Cb — j- X 

a — x 


i.e. tanh 1 - = i logh (19) 

a 2 a-x 1 / 

Similarly, 

coth 1 - = 5 logh . ( 2 0 ) 

a 2 x-a v ' 

* Since Va^-j-'a 2 > x and there are no logarithms of negative 
quantities the plus sign only is admissible. 
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EXERCISES 


, x , 


1. Show that the sum of the two logh values of cosh' 1 - is 0. 

a 

.Affn 

2 


2. Verify that coth' 1 - also equals - i logh — . 

a 2 ° x + a 


3. Establish the logarithmic form of tanh' 1 — by multiplying the 


numerator and denominator of 


& - e~y 


— by ey, and finding y. 


eV ery 

4. Show that for x > 7, sinh x is nearly the same as cosh x. To 
what decimal place are they alike when x — 7 ? 

5. Show that cosh x 4- sinh x is the reciprocal of cosh x — sinh x. 


Differentiation and Integration o! Hyperbolic Functions. 

qSC Q~X 

§4. If y = cosh x = -g* + 


,« dy e x e~ x . , 

then ~ “ — — = sinh x 

dx 2 2 _ 

and J sinh x dx = cosh x -f- G . 

pX p-X 

If y = sinh a; = — ~ — 

,, dy e x , er x , 

then Tx = 2 + T = co8h * • 

and y cosh, x dx — sinh x + C . 

sinh x 
cosh x 

dy cosh 2 # - sinh 2 # _____ 


If y = tanh x = 
then 


dx cosh 2 # cosh 2 # 

and f sech 2 # dx = tanh x + C . 

Similarly, ~ coth # — - eosech 2 # 
and / eosech 2 # dx = - coth # -f- <7 . 


= sech 2 # 


( 21 ) 

( 22 ) 

(23) 

(24) 

(25) 

(26) 

(27) 

(28) 
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and 


dx 


a sinh y 


and 


/ 


dx 


, — — cosh. -1 - = logh 

Vx 2 -a 2 <*> 


dy 

= a Vcosh 2 ?/ - 1 
— V x 2 — a 2 
dy 1 

da; Vx 2 - a 2 

x 'Vx 2 — a 2 


Result (30) should be contrasted with 

dx , ^v* 

: = sm _1 z 


h 


If y = sinh' 1 —, then x = a sinh y 
* a * 


and 


dx . 

%.= a cosh y 


and [/- 


da? 




= aV sinh 2 ?/ -f 1 
== V x 2 -|- a 2 
dy = 1 

dx Va? 2 + a 2 

sinh-i- = logh £± ^-± ** 

a ® a 


If y = tanh -1 —, then x — a tanh y 

Cb 


and 


da? 

dy 


a sech 2 y 
= a(l - tanh 2 ?/) 


(29) 

(30) 


(31) 

(32) 


dy a 

cite a 2 — rr 2 


( 33 ) 
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, C dx 1 , , 1 . , a + a; /n , N 

and J 5W = - tanh-^ = gj logh — (34) 

SimUariy, ^ ooth-£ = - (35) 

and f dx -a = - i ooth' 1 - = ~ logh fLzSL ( 36 ) 

J x 2 - a 2 a a 2a & a + a v 7 

Note : In (33) as 2 < a 2 , in (35) a; 2 > a 2 . 

Since the differential coefficient of x dr c is the same 
as that of x it follows that 




J V (x dr c) 2 + a 2 

(ii) f — = - X — = = cosh" 1 ^ 

J dz c) 2 - a 2 

(iH) fa*-(t X ±cf “5 

^ r , , f sinh a; da; 

5. / tanh x dx — f . 

/ / cosh a; 


sinh" 1 — 


(a; ± c) 2 


= - tanh' 
a 


_ x x_±_c 


§ 5. j ~ tanh x dx — j ~ 8 


Let w = cosh a;, then du = sinh a; da;. 


and / tanh a; da; : 


■ = logh ^ = logh cosh a; 


Similarly, y* coth x dx ~ logh sinh ; 


/*_*!_ = f 

J smh a; I 


2 cosh ^ sinh - 


sech 2 ^ da; 


“multiplying n timer- - 
ator and denomin- 


2 cosh * sinh * sech 2 % ator 860112 2 

A 
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% 2d ^tanh ~ ^ 


2 tanh ^ 

Jj 


Since . tanh - = 
dx 2 

and sech 2 ^ — 


£ sech® | 


= logh tanh • 


r 2 dx 

r 2e x dx 

""multiplying numer- ”1 
ator and donomin- 1 

J e x -j- e -35 J 

1 & 2X -+■ 1 

_ ator by e x . J 


= / ■ o -T = 2 tan -1 u — 2 tan’ 1 e* (40) 

J u 2 + 1 

= 2 [tan -1 e* - tan’ 1 e°] 


Put u = e x , then du = and u? = e 2a; 

and f - = f = 2 tan’ 1 u ~ 2 tan’ 1 e* (40) 

J cosh a; y u 2 + 1 7 

e - g ‘ jfsoS * = 2 [tan ' X ei - tan ' 1 e ° ] 

= 2 [tan’ 1 1-6487 - tan’ 1 1] 

= 2 [1-0356 - -7854] radians 
= -5004 radians 

EXERCISES 

1. Find the three successive differential coefficients of cosh" 1 # 
and sintr 1 #. 

2. In order to appreciate the distinction between 


take a — 4 and plot ,■ — ■ and /_ — 

* V a 3 - X 2 Vcc 3 . 


: as shown in Fig. 5. 


Estimate the area between, say x = 0 and a; = 3 and between 
x — 5 and x — 8, and compare the results with the values of the 

integrals. Show also that f — r - =* 


" dx 

V(x +3)*+4 


(in) / 


3)* 
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4. Using the method indicated in Exercise 3, find 


U) ^ 

r dx 

(ii) 

mJ 

r 

1 Vx? 4 6x + 13 

' Vte 2 + 4n -f- 13 

(iii) ^ 

f dx 

(iv) ^ 

r dx 

' Vic 2 - 4x 4 13 

/ Vz 2 + 4x + 9 

(v) ^ 

f dx 


f dx 

1 Vx 2 -4x-l 

(vi) ^ 

' V# 2 + 5x 4* 6 



§6. * THREE IMPORTANT INTEGRALS COMPARED 


54 | « 


54 | a 
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Evaluate ~ 

I. f V4 — x i dx 
•J n 


EXERCISES 


2 . /V 8 = 

Jo 


3x & dx 


3. J V'x* — 4c dx 


4. J’ V a? + 25 dx 5. j* V 3a; 2 + 1 2 dx 

6. Show that the area bounded by the hyperbola 

& V z i 

a 2 6* ~~ ’ 

the axis of x and any ordinate y is 

(?-?“** 3 



§7. Area of Hyperbolic Sector.* In Fig. 6 CPA is a 
hyperbolic sector, the equation of the hyperbola being 


— I 

! Jk2 
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GZ (axis of y) the directrix, CA being equal to a. (b is the 
semi-conjugate axis.) 

From the equation 


a 2 b 2 


y = — y x 2 - a 2 
a 


The area of figure APx 


— f ydx 


x 2 — a 2 dx 


' x 2 - a 2 — — cosh" : 


= f _^ cosL -i£ 

2 2 a 

Sector CPA = A OP# - figure -4 Pa; 


U/l/ ^ 

= -7T COSh** 1 - 

2 a 

This result accounts for the name hyper - 
N. _ bolic functions. 

r Take for comparison the circle x 2 -f- V 2 

yr j\ = « 2 - (Fig. 7.) 

/ oc| 1 The area of the sector CPA of this circle 
; a. A is J CA x PA. 

If a; is the abscissa of P, cos .A<7P = - or 

a 

Fig. 7 AGP = cos** 1 - and arc P^4 = a cos -1 -. 

a a 

Area of circular sector CPA r 1 — . 

The similarity between the two results is obvious. If 



HYPERBOLIC FUNCTIONS 37 

in the first a and b are equal, as in the case of the rectangular 
hyperbola, the similarity is even more striking. 

Further, the co-ordinates of P in the case of the hyper- 
bola may be written a cosh u and b sinh u where cosh u = 
and in the case of the circle as a cos 6 and a sin 0 where 


§8. The Catenary.* The graph of y = cosh a; is a curve 
called the catenary (Fig. 8). 

It is the form of a uniform 

wire, rope or chain hanging 1 V -^°sbocj 
freely under the action of \ x 

gravity. \ 

Observe that its vertex A \ jj 

is unit distance above the \ / / 

origin O. \ 

The gradient of the tangent \ /Jj 

at any point P(xy) is : / 

dy . , — 1 


= sinh x 
dx 

The length of the sub- 
tangent ( 5 ) is : 

TjS = y !—■ = , 

J dx sinh x 


JLZU 

O T S 

hSH 
Fig. 8 


coth X 


The length of the tangent is : 


PT = / y 2 + s 2 = V cosh 2 # + coth 2 # 

= cosh x coth x 

The length of the arc, AP , (a) is 
a = /V[l + (Sf] dx= J VI + sinh. 2 ar . dx 
= j * cosh x dx = sinh x + C 


818 
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If measured from the vertex A, a is 0 for x = 0, then 
(7 = 0 and a = sinh x. 

If from the foot of the ordinate PS, SZ is drawn perpen- 
dicular to FT then — 

PZ PS „ T>r7 PS 2 cosh 2 # 

tTc? = TTTTi an d . . PZ = ~^=z — — r -T— — smh x = a 

PS PT PT coshrcoth# 

i.e. PZ is equal to the length of the arc AP. 

It is easily proved that SZ is always unity and therefore 
equal to OA. 

EXERCISES 

1. Show that the area under the catenary y = cosh x is sinh x 
and that the volume of the solid of revolution about the axis of a; is 

^(sinh 2x + 2x). 

2. Verify that sinh x and cosh x are solutions of the differential 

cfcy 

equation — y~ 

3. Find the length of the arc of the catenary y — cosh x from 
x — + 3 to a; = - 3. 

4. A body moves so that its distance from a fixed point is equal 
to cosh Jet, where t represents time. What are its velocity and 
acceleration if its position is 10 at £ — 1? 



CHAPTER IV 

OTHER SERIES FORMS 

§1. To Represent Sine and Cosine in Series Form. The 

method is almost the same as that on page 1. 

Let sin x = a -f- bx + cx 2 + dx? + etc. (1) 

Since this must hold for all values of x it must hold for 


x = 0. But sin 0 = 0, a = 0. 

Now differentiate both sides of (1), then 

cos x — b + 2 cx + 3 dx 2 + 4=ex 3 + etc. . (2) 

Again, this must hold for x — 0. But cos 0 = 1 A b = 1 . 
Differentiate again, then 

- sin x = 2c + 2 X 3 dx + 3 X 4ea: 2 + etc. (3) 

which must hold for x = 0. c = 0. 

Continuing the differentiation, 

- cos x = 2 x 3d + 2 . 3 . 4ex +3.4. 5/x 2 (4) 


from which since - cos 0 = - 1, d = ~ -— r 

l 3 1 

Similarly, e = 0, and / = + — , 

and g = 0, and h = - ~ 9 etc. 

Hence from (1) 

JC 3 X 7 

sinjc = x-^ + jry-^etc. . (5) 

and from (2) 

cosx=l-|-| + £-J-J + etc. . (6) 


4— (5731) 
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EXERCISES 

1. Verify results (5) and (6) by taking x to be values such as 

etc., and comparing with the values given in tables. (Observe that 
a; is in radians, not degrees.) 

2. Approximate evaluation of re. The series * form of cos x may 
be used to find the approximate value of tc. Take a value of x of 

which the cosine is known, e.g. and use the first three terms of 

the series (6), thereby obtaining a double quadratic equation in re 
which is easily solved, giving iz = 3*142. 

1 2 

3. Show that sin. 2 # — x 2 — -g# 4 + ^# 6 , etc. 

4. Obtain the series for cos x by differentiating the series for 


§ 2 . The Logarithmic Series. If we try to establish a series 
form of logh x by the method used for sin. x, difficulty is 
met immediately, since logh 0 is — oo . On the other hand 
logh (1 + x) is easily expanded in series form, thus — 

Let logh (1 + x) = a + bx + cz 2 + dx? + ex* etc. . ( 7 ) 

then for x = 0 we have, logh 1 = a and since logh 1 = 0, 
a = 0. 

The first differentiation of ( 7 ) gives — 

= b + 2cx + 3 da? + 4 ea? + etc. . (8) 

JL — I - X 

from which, by putting x — 0, it follows that b = 1. ^ 

By further successive differentiations the remaining 
coefficients of ( 7 ) can be determined, but the following is 
quicker — 

By division, r— i- — = 1 - x x 2 - a? x* etc. . ( 9 ) 

By comparing series (8) with series ( 9 ) term by term, it 
is immediately evident that — 

b = 1, c = — & === "4" '3 s c :== — 4 , etc. 

and therefore from ( 7 ) 

logh (1 + x) = x - |- + T - - etc. 


• (10) 
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By putting x = 1 } 2, 3, etc., respectively in this series 
logarithms to base e can be obtained, but the calculation is 
very tedious. The following method is quicker. 

If we substitute — x for x in the series form of 

logh (1 + x) 

we obtain — 

logh(l-x) j-^-etc. . (11) 


and subtracting logh (1 - x) from logh (1 4~ x ), remem- 
bering that the difference in logarithms is the logarithm 
of the quotient of the quantities, we obtain the more 
rapidly converging series, 

lo gh L±i? = 2^ + J + | etc.) . . (12) 

1 I X 

If we put x — |, the values of - — are respec- 

tively 2, 3, 5, 7, and we can now calculate the logarithms 
of these numbers from series (12). 

From these logarithms the logarithms of other numbers 
can be found ; e.g. logh 10 from the sum of logh 2 and 
logh 5. 


As exercises, (i) establish, the series forms of logh (1 4~ x) and 
logh (1 — x) by successive differentiation. 

(ii) Show that the first six successive differential coefficients of 
logh cos x are, respectively, 

~Z, -u, ~2uZ , — 2u (3Z a + 1), - 8uZ (2Z* 4- 2), 

- 8u ( 15Z 4 4- 15Z 2 4- 2), where Z — tan x and u — sec 2 a?, 

/pi 

and that logh cos x — — — — “ — -gz, etc. 


and 


logh sec a; ~ — 4 - J2 "b 45 ’ etc * 


(iii) Show that logh (14* sin x) ■ ■ x 


a; 3 

-2 + 6 ’° tC - 


§3. To represent (1 4- x ) n as & power series * 
Let (1 4 ~ x ) n = & + bx 4- cx 2 4~ dx z etc. 

For x = 0, a = 1. 
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By differentiation — 

w(l + x ) w ~ 1 = b +• 2cx + 3 dx z etc. 

For x = 0, b ~ n. 

Continuing, the differentiation, 

n(n - 1) (1 + x ) n ” 2 = 2c -j- 2 . 3dx + 3 . 4ex 2 + etc. 

Foix = 0,c = ^f±\ 

Similarly d = ~ ^) ,( w ~ 2) 

e = w ( w ~ 1 ) ( w ~ 2 ) ^~ 3 ^ ctc. 

4 ! 

( 1+^=1 + ^ + ** + n{n ~ ^^ W c . 

The rth term being — - — ^ J-L-lJZL — r ^ a: 1- - 1 . 

This is the binomial expansion, of course. 

As an, exercise, expand ^1 -J- . Confirm that if n is infinitely 

great the series is exponential e. 


Note: The exponential series is frequently defined as 

( ^a n. 

1 -j — J to infinity. 



CHAPTER V 

EXPONENTIAL FOEMS OF SINE AND COSINE 


§1. The similarity between the series forms of sine and 
cosine, and the exponential series will have been observed. 

Taking no account of the signs, the terms of the sine 
series are like the odd-power terms of the exponential 
series, and those of the cosine series are like the even-power 
terms of the exponential series. 

The same likeness exists between them and the series 
for sinh and cosh. 

By using the imaginary 1, we can link up the series 
forms of sine and cosine with the exponential function. 
Write| j for V -1 then — 

j 2 = - 1 and j 3 = j 2 X j = - j 

j 4 = O’ 2 ) 2 = + 1 and j 6 = j 4 X j = + j 

f = (j 2 ) 2 = - 1 and j 7 = j 6 X j = “j, etc. 


Hence the successive powers of j } namely — * 

j, j 2 , j 3 , j 4 , j 5 , j 6 , j 7 , etc. 

equal respectively,.?*, - 1, - j , + 1, +j, - 1, -j, etc. 
Substituting jx for x in the exponential series we have — 

A Tj«+ 2! ^ 3 ! ^ 41 ^ 51 ^ 


epx : 




+ etc. 


= 1 + fa - 


2! 


.cc 3 cs 4 .a ; 5 
~ J Z\ + 4! + ^5l' 


6! 


etc. 


/ x 2 x i x G \ J x z x 5 \ 

= " 21 + 4 r 6! etC -j + Y ~ 3! + 5! et °- j 


i.e. 


eJx — cos x + 3 sin x 


( 1 ) 


f In textbooks on pure mathematics i is frequently used for 
V - 1, but in applied science it is usual to use j. 


43 
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Similarly — 

e ' 3 * =zl _ 3X+ 4—-J_ + J—-l— + etc. 

, . a; 2 , jx z , a; 4 .cc 5 , 

= 1 - - 21 + 3l + j7 -^g] etc. 

= (* “ fi + f] etc -) ■*’(* - fi + fi etc ) 


i.e. 


e~jx = cos x - 3 sin x 


By adding (1) and (2) we obtain, 

ef* + e ~* x v . 

cos x — ~ — • == cosh jx 

and by subtracting, 

e? x __ e -jx sinh jx 
am x = — — — = . 

2 j j 

Compare results (3) and (4) with 

, eP + e~* i , e* — e~* 

cosh a: — and smh x = — - — 


(2) 

(3) 

(4) 


By substituting jx for x in (3) and (4) we obtain, 

e j*x _{_ e -j*x 4 j _ erP* 

' 2 smjr= 2j 

e~ x _j_ e x 


cos jx 


, 1 e x - c“ : 

2 t-- y~ 2 ~ 

i.e. cos jx = cosh x (5) i.e. sin jx ~j sinh x , 


(6) 


Also, by adding and subtracting (5) and j times (6) we 
have — 

cos jx ± j si njx = cosh x ± j 2 sinh x 
= cosh x =p sinh x 
i.e. cos jx j si njx = e T * 



- ( 7 ) 
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The following are useful in electrical engineering — 
sinh(a ± jb) = sinh a cosh jb ± sinhjb cosh a 

= sinh a cos b ±j sin b cosh a . . (8) 

cosh (a ^ jb) = cosh a cosh jb ± sinh a sinh jb 

= cosh a cos 6 ± j sinh a sin b . . (9) 

§2. De Moivre’s Theorem. We have seen that, 
cos x -j- j sin x — e*® 


Raising each side to the rath power we obtain, 

(cos x -f- j sin x) n = e^ nx 

But 

C— - 1 1 A nx I I j 4 (^) 4 , j s (^) 5 

^ 2! + 3! + 4! + 5! 

+ §1 + 7l etC ‘ 


„„ («*) 2 .(«) 3 ( nx) 4 ( ju ;) 5 ( i«) 5 

_ l +jnx- ~ 2 T --3 3 , -+ +- 51 gT 

.(nx) 7 


= cos nx + j sin rc-a; 


->'71' etc - 


Hence 


(cos x + j sin x) n — cos nx -f- j sin nx . (10) 

This is De Moivre’s theorem which gives the power of a 
trigonometrical function of x in terms of functions of the 
index multiple of x. 

Similarly, 

(cos x — j sin x) n — e~ ina 

= cos nx -j sin nx. . . (11) 

By the application of De Moivre’s theorem functions of 
multiples of x can be readily expressed in terms of functions 
of x , thus — 

(cos x -{- j sin a;) 3 = cos 3x + j sin 3a;. 
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By expansion of (cos x + j sin #) 3 we have 
cos 3 # + 3 cos 2 # . j sin x + 3 cos xj 2 sin 2 # + j 3 sin 3 # 

= cos 3# + j sin 3# 

and since j 2 = - 1 and p — — j, 

t cos 3 # — 3 cos x sin 2 # -j- j ( 3 cos 2 # sin x — sin 3 #) 

= cos 3# + j sin 3#. 

Equating real to real and then imaginary to imaginary 
parts, we have 

cos 3# = cos 3 # - 3 cos # sin 2 # — 4 cos 3 # — 3 cos # 
and sin 3# = 3 cos 2 # sin # - sin 3 # == 3 sin x - 4 sin 3 #. 

These are two well-known identities. 

As an. exercise, find cos 2cc, sin 2x, cos 4# and sin by De 
Moivre’s theorem. 

§3.* Many other functions can be put in series form by 
the method used in the foregoing pages. 

A few examples follow. 

* Series form of tan #. Let 

tan x = a + bx + cx 2 + dx 3 -j- e# 4 etc. . . (i) 

Putting # = 0, since tan 0 = 0 it follows that a = 0. 

From the first differentiation we have, since 

sec 2 # = tan 2 # + 1, 

tan 2 # -|-1=6+ 2c# + 3c?# 2 + 4e# 3 + etc. . . (ii) 

For x — 0, we have, 6 = 1. 

From the second differentiation, 

2 tan # sec 2 # = 2c + 3 \dx + 3 . 4e# 2 etc. . . (iii) 

For # = 0, we have c = 0. 

From the third differentiation, 

2 . 3 tan 2 # sec 2 # + 2 sec 2 # = 3 \d + 4 !e# 

+ 3.4. S/# 2 etc. . (iv) 

t In such complex equations the real part of one side is equal to 
the real part of the other, and likewise the imaginary parts. 
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For x = 0 , we obtain, since 2 sec 2 # == 2 (tan 2 # + 1) 
3 Id = 2 


Further steps give e = 0, / = y*’ 

lo 

The series is, 

tan x = : 


g = 0, Ti - 


ll 

315 


etc. 


jz 3 2# 5 17 x 7 

3+15 +M5-+ ete ‘ 


* To represent (1) sin~ x x and (2) tan’^x as power series of x. 
(1) sin* 1 # = a + bx + cx 2 + dx? etc. . (i) 

For x — 0 a = 0 (or 7 r). 

By first differentiation, 

~~~z = = or (1 — x 2 ) “ = b + 2c# -|- 3 dx 2 + 4e# 3 + etc. (ii) 

For x = 0, 6 = 1. 


By further differentiation, 

#(1 — x 2 )^ = 2c + 3 ! dx + 3 . 4e# 2 + etc. * (iii) 

For x = 0, c = 0. 

Continuing differentiation, 

(1 - # 2 )-t + 3# 2 (1 - # 2 )-f = 3 Id -f- 4 !e# 

+ 3.4. S/# 2 + etc. (iv) 

For x = 0, d = 

9#(1 — x 2 )~i + 15#®(1 — x 2 yi = 4 !c + 5 ifx 

+ 3.4.5. 6^# 2 + etc. (v) 

For x = 0, e = 0. 

9(1 - * 2 )-f + 9Cte 2 (l - x 2 )'* + 105*4(1 - * 2 )*- 

= 5 !/ + 6 !gr# + etc. . . (vi) 
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For * = 0 s /=|j = 2 J ~5 


Similarly, g = 0 and h 
Hence the series is — 


1.3.5 

2. 4. 6. 7 


etc. 


sin' 1 # = x -f- 


1 a?® , 1 . 3 # 5 , 
2*3 ‘ 2.4*5 ' 


1.3.5 # 7 

2 .4 . 6 ’ 7 

, 13. 5. 7 
" r 2 . 4 . 6 . 8 



The result is, of course, in radians. 


1 7T 

If we take x = i.e. the sine of 30° or — then 


7T I i 3 15 105 

6 ~~ 2 + 48 + 1280 + 336 X 128 3456 x 512 et °* 


from which tt = 3*1415. . . 


Since the sine of an angle equals the cosine of its comple- 
ment it follows that 


, rr . - 77 

cos’* 1 # = — — sur 1 # = — 
2 '2 


O 3 

273 


- etc. 


Note : The successive differential coefficients of (1 - x 2 )~i 
can be conveniently found and evaluated as follows — 

Let (1 - x 2 ) = z then for x = 0, z ~ 1. 

If y = (1 - # 2 )“i then y = arL 

Applying the rule 

dy dy dz 

dx dz ’ dx 


the first differentiation gives — 


dz-% dz~$ dz 

dx dz dx 


- -xZ'% x ~~2x 


which for 


~ XZ' f 

x = Q is 0. 
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Further differentiation gives 
d(xz’l) _ 


dx 


+ x x - ^ X 


2x 


= zr I + 3a; VI 

which for ^ = 0 is 1 etc. 

2. tan* 1 x = a + bx + c# 2 + da^ -f- etc. 

For a; = 0, tan* 1 a; = 0, a = 0. 


By successive differentiations we obtain, 

— I — - = 6 + 2ca; + 3 dx 2 + 4ear 3 + etc. 

1 + x 2 

For x = 0, 6 = 1 

- 2a;(l + # 2 )' 2 = 2c + 2 . 3<fo; + 3 . 4ece 2 + etc. 
For x = 0, c = 0 

-2(1 + o; 2 )* 2 -4o; 2 (l + a; 2 )* 3 = 2 . 3d +■ 2 . 3 . 4eo; 

+ etc. . 

For x = 0, d = - i. 

o 

Similarly e = 0 and / = + ~ etc. 

5 


X 5 

Hence tan' 1 # = x — -jr + — — 
o 5 


X 1 . 

— etc. 


(i) 


(ii) 

(Hi) 


(iv) 


This result could have been obtained from the fact that 
since (ii) is from the differentiation of (i), (i) is the integral 
of (ii). 

Now by actual division, 

- -p = 1 — # 2 + tc 4 — # 6 + etc. . . . (v) 

and this, by integration, gives, 

/y45 /y.5 ry.1 

tan* 1 # = x - — + -=• — -=• etc. 

o o 7 
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Or the coefficients could have been obtained by comparing 
series (ii) and (v) term by term. 

N.B. This series is convergent only within certain limits 
of x, namely, + 1 and - 1. 

As an exercise, show that sinh" 1 x — -=-r- etc. 

o ! 5! 



CHAPTER VI 

VECTORS — ROTORS — OPERATORS 

§1. A meaning of j or V -1. If OA (Fig. 9), represents a 
straight line of length “a” units and of positive direction 
from 0 to A, then OB of equal length but of direction 
precisely opposite to OA represents - a 9 i.e. + a X - 1. 

Now OB can be regarded 
of OA after being turned, 
say, anti-clockwise through 
two right angles. 

Consider this rotation as 
occurring in two equal 
stages, each stage being the 
rotation of OA through one 
right angle. 

Let OC represent OA after 
being turned through the 
first right angle and suppose 
the operation to be repre- 
sented by multiplying a by 
j, i.e. by ja . 

Then turning the straight 
line through the second 
right angle to OB it is represented by ja multiplied by j, 
i.e. by j 2 a. 

fa = -a 

from which j 2 = - 1 

and j = V - 1 . 

Used in this sense j is an operator which, when applied 
to a straight line, rotates it anti-clockwise through a right 
angle. 

Continuing the rotation beyond OB the idea is found 
to be consistent. 


as the position and direction 


C 
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Thus the rotation from OB to OD is represented by 
-a X j = -jet, 
and from OD to OA by 

-jet X j = -j 2 a 

= -(-l)a 
= -{- a. 

Similarly it will be found consistent to consider that 
-j applied to OA rotates it through a right angle in the 
clockwise direction. 

This nomenclature is therefore useful in indicating 
direction. 

Thus, while b + a would be represented by two straight 
lines in the same direction, b + ja would be shown as in 
Fig. 10, ja being at right angles to 5. 



Fig. 10 


OR is the resultant of b and ja and its direction is indi- 
cated by the algebraic expression b -j- ja. 

OR makes angle 6 with b such that tan 6 = -g. This 

angle is called the amplitude or argument of b + ja. 

The actual length of OR is, of course, Va 2 -j- 6 2 , and this 
is called the modulus. 


In trigonometry c cos 6 and c sin 6 
, , represent merely the lengths of 

AJC Sin 6 the adjacent and opposite sides 
y respectively of a right-angled tri- 

cco $ Q angle of which the hypotenuse is c 

Fig n and one acute angle 6 (Fig. 11), 

" ' but c( cos 0 + j sin 6) represents the 

direction of the hypotenuse, Q being such that 


tan 6 = 


c sin B sin B 

c cos B cos B 


which again is consistent and quite obvious. 
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The length of the hypotenuse c is also known to he 
equal to V c 2 cos 2 0 + c 2 sin 2 0 since cos 2 6 + sin 2 5 = 1. 

§ 2 . Complex Operators. To operate on the vector b -f- ja 
with (r + jx) means that the vector is turned through a 

cc 

fu rther an gle whose tan is - and its length multiplied by 
V r 2 + x 2 . r 

The following analysis shows that this result follows 
mathematically; thus — 

(b + ja) x (r + jx) — br + j 2 ax -hj(ar 4 * bx) 

= (br - ax) + j( a r + bx). 


This result represents a vector of length 
V (br - ax) 2 4 - (ar + bx ) 2 = Vb 2 -f- a 2 x Vr 2 4 - x 2 , 


and making an angle whose tan is 


with the zero 


br — ax 

direction. This angle is the sum of the angles whose 
tangents are respectively ~ and 

(The student should satisfy himself as to this statement by 

.T - , , , ^ , t>x tan A ~h tan B 

usmq the formula tan (A 4- B) — - 4 

1 - tan A tan B 

Similarly, 

(i) Operator (r-jx) turns a vector through an angle 


tairl (4) 


and multiplies its length by Vr 2 4- as 2 . Observe that 
(r - jx ) and (r 4- jx) turn a vector in opposite directions, but 
b oth mu ltiply the length by the same amount, namely, 

vV 2 4“ x2 - 1 

(ii) Operator ^ ^ ^ divides the length of a vector by 

* Vr 2 4- x 2 and turns it back through tan’ 1 ^-^. That is, it 

'-acts precisely opposite or inversely to operator r 4 - jx. 
Observe that, 

1 lx (r—jx) r-jx r—jx 
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Thus operator - ^j x may "be considered 
to operator r —jx divided by r® + x 2 or 
Vr 2 - \- x 2 X VV 2 + x 2 . 


as equivalent 


Thi s is see n to be correct, for ( r —jx) multiplies a vector 
by W 2 + a? so this m ultiplying effect is first cancelled by 
dividing by Vr 2 + x 2 , which gives the origina l length, 
which original length is then divided by Vr 2 + x 2 . 

The expressions (r + jx) and (r-jx) are said to be 
conjugate to one another. It should be noted that the 
square root of their product, namely, Vr 2 + x 2 is the 
modulus of either of them. 

The reader should study closely Figs. 12 to 16. 

Fig. 12 shows that ^'(10 + J4) = ^*10 — 4. 

Fig. 13 shows vector 10 -J4. 

Fig. 14 shows that vector - 10 + j4 is the same as J4 - 10. 

Fig. 15 shows that 

(i) (10 +j4) + (6 +p) = 16 +jll 

(ii) (10 + j4) + (6 ~jl) « 16 - j8 

(iii) (16 + ill) - (10 + j4) == 6 -f- jl 

Fig. 16 shows that * 

(i) (10 + i4) operated on by (3 + j2) = (22 + j32) 

(ii) (10+J4) „ „ „ (3 -j2) = (38 ~j8) 

(iii) ao+i4) „ „ „ — L-^-a g+^^-i 2 ) 

O + QZ .9+4 

/38 . 8 \ 

\_13 J 13 ) 


As an exercise, verify by taking suitable positive values of b 
and a, say 6 = 10 and a = 6, that vectors (6 + ja), ( - b + ja), 
( — b —ja), (b -ja) are respectively in the first, second, third an d 
fourth quadrants, their angles, with zero direction, being respec- 

tively ta+±+ ta+±+ taa<(=£). 

§3. Exponential Representation of a Vector. In the form 


b + ja where tan 0 — — 

b 
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it is easily seen that since tan 0 = ^ then 

b 


sin t) 


Va? + V 1 


and. cos 6 = 


V a 2 + b z 


Write c for Va 2 + b 2 then a = c sin 0 
and b — c cos 6 

and b -{- ja — c cos 6 -f- jc sin 0 
~ c( cos 6 + j sin 6) 

But cos 6 + j sin 6 = e# 
and 6 -j- Ja = ce$ 

which is a still simpler representation of a vector of length c , 
making an angle 0 with a datum direction. 

Anti-clockwise measurement of 6 is indicated by + jO and 
clockwise by -jd. 

If Q is varying, then the exponential form can represent a 
rotating vector. For example, if the vector makes n rev. 
per sec., anti-clockwise, the angle turned through in t sec. 
is 27 mt and the vector is represented by cei 2 ™ 1 reckoned 
from zero or ce^ 2lznt + °> if reckoned from angle a. 

The following example shows how one form may be trans- 
formed into the other. 

12ef 30 ° represents the vector 12 units long and making 
an angle of 30° with the datum direction. To express it 
in the form b + ja we may either use the form 

c(cos 6 + j sin 0) 

from which 

6 = 12 cos 30° = 6-\/3 and a = 12 sin 30° = 6 

or solve the equations 

V¥ + a 2 =12, f = tan 30° = 

o a/o 

for b and a. 

The result is 6V3 + J6. 

It is worth noting that 6\/3 and 6 are the horizontal 
and vertical components of the vector. 
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Conversely, the vector 10 -j-j‘4 (Fig. 12), expressed in 
exponential form is Vl 16 e^' 38 ' as -3S radians is tan -1 ^. 

The student should practise expressing the other vectors 
in Figs. 12 to 16 in exponential form. 

§4. Application to Alternating Currents. If r is the ohmic 
resistance of a circuit, x the re- 
actance, I the current, and E the 
e.m.f. to produce current I, then 
the e.m.f. to overcome the ohmic 
resistance is rl and that to over- 
come the reactance xl. But these 
last two e.m.f. ’s are at right angles 
as shown in Fig. 17, and E is the resultant of the two. 

Thus, E — rl -f- jxl in direction 
= Hr 4 - jx) 

The current I lags behind the voltage E by angle 0 such 

that tan 6 — = — • 

rl r 

The magnitude of E is IV r 2 -j- x 2 as is evident fr om the 
sides of the right-angled triangle. The factor Vr 2 -j- a? 
is called the impedance of the circuit. 

In the relation E = I(r -f jx), if I is made the subject 
of the equation, we have, 

T JE_ E(r-jx) 

r -j- jx r*—j 2 x 2 

^ * - pqppfr-.#*) 



Fig. 17 


This form is convenient in the summing of currents, 
for example in parallel circuit calculations. The ratio 

^indicates that I lags behind E. 

/ 

For the magnitude of I we have, since the amplitude of 
(r -jx) is Vr 2 + x 2 , 


I = 


E 


/ r 2 _j_ x 2 = 


E 

Vr 2 -f- x 2 


r 2 -j~ # 2 



58 


EXPONENTIAL AND HYPERBOLIC EUNCTIONS 


and this agrees with the previously stated magnitude 
of E. 

The relation can be also expressed in exponential form. 

Let Z = V / 2 + x 2 , then since 
r 4 - jx — Z(cos 6 + j sin 6) = Ze$ (See page 56). 
we may write the relation E = I(r + j%) as 
E = IZefl 

which shows both the impedance and the phase relation 
between E and I in one equation. It will be noted that when 
0 = 0 , eE = l and E = IZ . Denoting this value of 
E by E 0 the equation becomes 

E = E 0 e& 

This exponential form is convenient when determining 
the product of complex expressions. 

Thus if the expressions are E 0 e$ i, and I 0 e$ 2 , the product 
is immediately 

E 0 I 0 e^ d i+ 0 «> or E 0 I 0 \cos(di + d 2 ) +j>sin ( 0 X + d 2 )\ 

The student should satisfy himself that this last expression 
is the product of 

E 0 (cos d 1 -j~ j sin 6-f) and I 0 (cos 6 Z + j 0 2 )* 

The following example illustrates the application to 
impedances of systems. 

Consider, say, three impedances in parallel. (Fig. 18) 



Fig. 18 


[Represent the resistances by r 19 r 2 , r 3 , the reactances by 
x v x z , x z and the currents by I ± , I 2 , / 3 , the impressed voltage 
being E. 
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To find the single equivalent impedance Z. 

The resultant current I is the vectorial sum I x + 1 2 

tvt r E r E T E 

Now I, == , = / = 

r i + J x i r 2 -f jx 2 r 3 + jx z 


and I — ~ 

E E E E 

Z r t ~h jx 1 + r 2 + jx 2 r 3 +'jx 9 

1 1 , 1 , 1 

or • -4- • • -4- ■ 

z + jx 1 r 2 + jx . 2 r s + jx 3 

or multiplying numerator and denominator by r —jx 

_ r i ~.? x i , , ^3 -j*a 

r X + *1* r 2 + X £ r Z 4- *8* 

from which the impedance Z in operator form can be 
found. 

Thus, 


if r x = 2 and x 


— [ 


Reactance x ■■ 


ge)] 


UaJLJL^/O sAJ 4iJ JLJ ^ J'Q 

1 (Capacitance > Inductance) 


1 2 — y'3 4+j 3 — j2 

Z 4+9^ _ 16 + 1' _ 9 + 4 


_2 4 _3\ _ ./_3 _J_ , 2_\ 

la^^^isy ^^13 i7 + i3/ 


= 0-62 — y(0-326). 


The magnitude of = 
& 


+ (*326f 


= *7004 

Z = 1*428 units. 

1 = i£[0-62 - j(0*326)] 



60 


EXPONENTIAL AND HYPEBBOLIC ETJNCTIONS 


it follows that 1 lags behind E by ta ir 1 ^ ) = tan“ 1 (*526), 

which, by tables, is 28° approx. v } 

Students of electrical engineering know that the power 
factor of the system is given by the cosine of the angle of 
phase difference. In this case it is cos 28° == *8829 or 
approximately 88 per cent. 

If E = 100 volts, then, 

I± = = whicl1 lags by tan ' 1 | — 56 2° 

the magnitude being 4 + 9 = 27*73 amp. 

1 % = = 1^(4 + j) which leads by tan" 1 j r£i= 14° 

the magnitude being ^^Vl6 + 1 = 24*25 amp. 

I» = 3^2 = tIt^ 3 which la S s by tan_1 | — 34 ° 

the magnitude being i^VT3 = 27*73 amp. 

and I = = 70*04 amp., and lags by 28° approx. 

1 *42o 


As a clieck we can represent the currents in exponential 
form, thus 

I 1 = 27-73e-i 5 «l° = 27 -73 (cos 56J° -j sin 56J°) 

= 15-31 -^23-1 

J, = 24-25e’ 14 ° = 24-25 (cos 14° + j sin 14)° 

= 23-62 + J5-8Q 

I s = 27-73e-^ 4 ° = 27 -73 (cos 34° -j sin 34)° 

= 22-99 - J15-5 
+ I 2 + I 3 = I = 61-92 -J32-7 


which is approximately 100[0-62 -j(0-326)] 
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The equivalent impedance of these three impedances in 
series is simply, 

| (ri + r 2 + r 3 ) + jfa + x 2 + x 3 )\ 
the current lagging by 

tan. -1 — ±3 L ± -3 

H + r 2 + r 3 

and its magnitude is 

V (r x + r 2 r 3 f + (x 1 + x* + r 3 ) 2 

The student should work this out for himself and refer 
to textbooks on electrical engineering for examples to solve 
by the foregoing method. Suitable exercises will be found 
in Classified Examples in Electrical Engineering, VoL II 
(S. G. Monk), Sir I. Pitman and Sons, Ltd. 

The following further example illustrates the method of 
finding the equivalent impedance of an impedance (Z a ) in 
series with two impedances (Z b and Z c ) in parallel. 

The data are as follows : 

Frequency 50 cycles per second. 

Z a : Resistance 2 ohms, inductance *01 henries 

Z b 1 ohm, ,, -02 ,, 

Z n 3 ohms, capacity 5000 microfarads. 

The reactances of Z a , Z b , Z c are, respectively: 

2tt X 50 X *01 = 77, 2tt X 50 X *02 = 2 tt, and 

1 _ 2 

2*77 X 50 X *005 TT 

If z is the joint impedance of Z b and Z c in parallel, 
then. 


1 

z 


1 +fi-7T + g _ .2 
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3 —j— + 1 + j2u 

7T 

(l+jZir'j (3-j|) 

4 + j‘5-6 5 
_ 7 + J18-2 

7 + j)18-2 130-8 + j'33-25 

’ ' 2 — 4 + j5-65 ~ 47-92 

— 2-73 + j-7. 

If Z is the equivalent impedance of the system, then, 
£ = Z a + * 

= (2 + jn) + (2-73 + j*7) 

= 4-73 + J3-84 

The magnitude is V (4-73) 2 •+ (3-84) 2 
=^= 6*1 units. 

3-84 

The angle of lag is tan -1 =c= 39°. 

4‘ / u 


If the impressed volts = 100 


then 


E _ 100 

Z ~ 4-73 + j'3-84 

= ^(4-73 - j3-84) 

= 12-75 -^10-35 . 


(i) 


The magnitude = V(12-75) a + (10-35) 2 = 16-4 amp. (ii) 
lagging at tan* 1 = 39°. 


Now if I b and I c are the currents in the parallel branches 
b and c respectively, then 

I b + 1 c = I (in the vector sense) 



VECTORS ROTORS OPERATORS 


63 


But 


h 

i. 


3-j- 


- j2i T 

2 

s-£ 

77 


(inversely as their impedances) 


lb + I c 


±+j 




8*4-j>19*5 

48 


r 8*4— J19*5 t 

Ib ~ 48 1 


Q . , r 39*5 + jl9*5 T 
Similarly, I c — ^ 1 


Hence 


Ib = 


48 

8*4 — J19*5 
48 


(12*75 — J10-35) 


• (iii) 
- (iv) 
from (i) 


= — 1*97 — J7 (direction) 


V(T97) 2 -b 7 2 (magnitude) 
7*27 amp., leading by tan' 1 ^ — 


which is an angle in the third quadrant, namely 254° , or 
lagging by 106° 


and 


I c = ^ 5 " (12*75 -J10-35) from (iv and i) 


= 14*7 - J3-32 (direction) 

= V / (14*7) 2 + (3*32) 2 (magnitude) 

= 15*1 amps, approx., lagging at 13° nearly. 
Observe that ( - 1*97 -j7) + (14*7 - j3-32) 

— 12*73—^10*32 = I nearly, 


which checks the computation. 

The student should draw a vector diagram of these 
currents, making the direction of the impressed e.m.f. 
the zero. 

It will be seen that I c leads I by (39° - 13°) = 26°, 
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I & lags behind 1 by (106° - 39°) = 67° and that I = I h + I c 
vectorially. 

§5. Symbolic Representation of Forces. The sides of one of 
the triangles in Fig. 15, page 55, say the triangle with sides 
(10 + j4), (6-j7), (16 ~j3), may be taken to represent 
three forces, in which case it is seen that force (16 -j 3) is 
the resultant of the other two. 

Observe that (16 +3) is the sum of (10 + j4) and (6 - j7). 
For equilibrium the force (16 — J3) must be reversed. 
This reversed force is represented by — 16 + jS. 

Thus for equilibrium we have 

(10 +,?4) + (6 —j7) + ( - 16 +j3) = 0 

and this suggests at once a ready method of solving prob- 
lems in statics. The magnitudes of the forces are respec- 
tively VlO 2 + 4 2 , V6 2 + 7 2 , Vl6 2 + 3 2 . 

The same relation applies to the polygon of forces. 

The resultant of forces — 

8 +p 
-3 +j6 
12 - 
~ 7 - j4 

is the sum 10 - j2 


and the force to produce equilibrium is therefore — 10 + j2 
in direction, and V104 in magnitude. 

As an exercise, find the resultant of the following coplanar forces 
acting at a point, viz. : 

10 lb. at 0°, 15 lb. at 60°, 24 lb. at 150°, 20 lb. at 220°, 30 lb. at 300° 

These forces are easily expressed algebraically through the form 
c(cos $ + j sin 0), e.g. 

201b. at 220° = 20(cos 220° + j sin 220°) = - 15-32 -+12*86. 

The sum is ( — 3-6 +13-85) 

magnitude = V 3*6 a + I3-85 2 = 14*3 lb. 

* = tan- 1 =255° (3rd quadrant) 
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§6. The Roots of + 1 and - 1. 

Since cos 2 tt = + 1 and sin 2 tt = 0 it follows that 

cos 2 tt db j sin 2 tt = + 1 

i i 

and (cos 2rr -t- j sin 27r) n = (d - l) n 

But by De Moivre’s theorem, 

1 2tt . . 2 7 i 

(cos 277 ± j sin Stt) 71 — COS — ± J Sin — 


277 . . . 277 

cos— ±jsm- 


(+ D" 


This relation enables us to calculate the complex roots 

of + L i 1 2tt 11 ■. 

E.g. for the cube roots, — = g, and cos— — o ancl 

. 2t7 . V3 

sln T — + 2 / 1 ,V3\ 

Hence two of the cube roots of (+ 1) = \ — 2 ±J 1T / 

If the student cubes this expression he will obtain + 1. 
There are three cube roots of + 1, namely, 


+ lj \ 2 


-) and (-|-^) 


Similarly, since cos 77 = - 1 and sin 77 0 

it follows that cos 77 d= j sin 77 = - 1 

1 1 

and (cos 77 ± j sin 7 r) w = (- l) w 

and cos ^ ± j sin - = (- l) n 

which relation gives the complex roots of (-1). ^ 

For example, for the cube roots of (— 1), — — 


77 , 1 . 77 

cos - = 4--, sin^ 


1 , .V3 
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For the square root we have, cos - == 0 and sin - = 1 

£ 2i 

and \/ — 1 = 0 ± 0 

= ±j 

which is consistent with the fundamental definition of j. 



The diagram known as Argand’s diagram illustrates the 
relation graphically. (Fig. 19.) 

EXEBCISES 

1. Verify that the third cube-root of unity is, the square of 

( 1 . V3\ 

— — -j— j * s °P©rated on by 

^ -f- i the resultant vector is the length of 

which is 1. 

2. Express the complex cube roots of -f- 1 and - 1 in exponential 
form. 
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§7. Quadratic Equations with Imaginary Roots — Graphi- 
cal Representation.* 

Example 1 

x 2 + 4 = ,0 
The roots are x = ± 

In the graphical representation the multiplier j turns the 
axis of x through a right angle and therefore we can con- 
sider real and imaginary values of x being graphed respec- 
tively in planes at right angles. 

Calculate y when y = x 2 -j- 4, for x — 0, ± jt zb J2, 
± J3, etc., and plot y against x . 


-i3 

-ys 

-j 

= * = 

i 

0 | + j 

1 

1 

-f- | -f-j‘3 

-5 

0 

3 

1 

II 

II 

'h' 

i 

4 1 3 

i 

i 

0 i -5 

i 


The graph cuts the axis of x at di which values are 
the roots of the equation x 2 -j- 4 = 0. 



Fig. 20 


Fig. 21 
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Figs. 20 and 21 are in planes at right angles to one 
another. 

Example 2 

x 2 — 2x + 5 = 0 

x 2 — 2x -f- 5 = (x — l) 2 + 4 

By putting Z for (x - 1) the function y = x 2 - 2x + 5 
may be written y — Z 2 -f- 4. 

Plot the graph of y = Z 2 + 4 for Z = 0, ± j, ± ^‘2, etc. 
The graph cuts the axis of at ± j2. 

The roots are £ = ;£ J2 
i.e. # - 1 = dh 

from which # = l±j2 



Fig. 22 
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Fig. 22 shows the two graphs in perspective, the imag- 
inary values of Z being in full view (plane of the paper) 
and the real values of x being in a plane at right angles to 
the paper. The axis of Z passes at right angles through 
the axis of x at x = 1. (For Z = 0, x — 1.) 

The student should substitute 1 ziz j% for x in Example 2 
and verify the result. 

§8. Further Deduction involving the Imaginary V^l. 


Since 
then for 


e? x = cos x + j sin x 


77 / 

s = ^ 


2\ 


more generally for (4 n + 1) 


j (si 


since cos - — 0, and sin 
A 


o 1 

in | = 1 ) (ii) 


and raising to the power j 

JTZ 

e 2 = jo 


(iii) 


Again, for x = it we have from (i), 
ei* = - 1 


from which 


logh(- 1) logh( - 1) 
3 


(iv) 


which is a new aspect of — . 


As an exercise, show that p — 0*2078. 


f As ji has many values tho first value (iii) is called the Principal 
Value. 



CHAPTER VII 

SUMMARY AND APPLICATIONS 


§1. Exponential Relations. 

(i) e ± a 

e x e -x 


x 2 , re 3 , a; 4 , 

1 = fc * + 2l :t 3T + 4l etc. 


(ii) 

(Hi) 

(iv) 

(v) 

(vi) 

(vii) 
(viii) 

(ix) 

(*) 


e* 


2 

- 




cosli x 
sinh x 

tanh x — - . 

e x -|_ e -x 

cosh x i sinh x = e. ^ x 
cosh 2 # - sinh 2 # == 1 

cosh (a; ± y) = cosh a; cosh y ± sinh a; sinh y 
sinh (a: ± y) = sinh a; cosh ?/ ± cosh x sinh y 
cosh 2x — 2 cosh 2 # -1 = 2 sinh 2 # + 1 
sinh 2x — 2 c6sh x sinh x 

x ± V x 2 - a 2 


sinh" 1 - = logh - 

si 


(xi) cosh' 1 - = logh 
(xii) 

(xiii) tanh' 

(xiv) sin x 
(xv) cos x 


1 . 


a + 

X 

2 l0gtl 

a - 

X 

# 3 

+ 

a; 5 

X 7 

" 3 ~! 

5! 

7 ! 

# 2 


a: 4 

a? 6 

2l 

41 ~ 

' 6l 
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+ etc. 
+ etc. 
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(xvi) e ± 3* = cos x ± j sin x 

e jx e -jx 


(xvii) cos x = 
(xviii) sin x — 

(xix) cos jx = 

(xx) si njx—j 


2 

e jx _ e -jx 
e x -j- e -: 

_ e -x 


= cosh^ 

sinh jx 

0 

= cosh a; 
= j sinh x 


■Euler’s expressions 


•x 


(xxi) cosh(a ± jb) — cosh a cos b ± i sinh a sin 6 
(xxii) sinh(a ± jb) = sinh a cos b zt j cosh a sin b 
(xxiii) (cos x ±: j sin x) n = cos nx ^ j sin nx (De Moivre) 


(xxiv) efa = - 1 

TZ 

(xxv) e % == j3 
(xxvi) sin -1 # = x 


e ± 


1 . rr 3 f 1.3.x 5 , 1 . 3 . 5a : 7 


2.3 2 . 4.5 2 . 4 . 6. 7 

o*5 o*7 

(xxvii) tan -1 # — x — -5- — — — -J- etc. 

o O / 

(xxviii) logh(l + a:) = x eto ■ 

Differential Coefficients and Integrals. 


etc. 


(xxix) 


r . , e kx 

f e kx dx = -=- 
k 

(xxx) 

^(loghx, =1^ 

/$ = l°g h * 

(xxxi) 

d r 

^{^k-ax^ ~ _ ae k-ax ) j e ■ d x 

6— (5731) 




£>lC“d'CC 
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(xxxii) ^(logh {K ± X)) = ± — 


^ = ±iogh(jr ±a; ) 


J ^ =fc X - 

(xxxiii) ^( aiC ) — logh a . a x , /•* logh a 

(xxxiv) -^(cosh a;) = siixh x, I sinh x dx = cosh a; 

(xxxv) ^(sinh x) = cosh a:, j cosh xdx — sinh x 
cL /* 

(xxxvi) ^(tanh a;) == sech 2 a;, / sech 2 xdx~ tanh a; 


(xxxvii) 

cosh' 1 -'] 
a ) 

(xxxviii) 

‘y-f sinh* 1 — ^ : 
a y 

(xxxix) 

tanb" 1 -^ 
aa;\^ a y 

(xl) 

J* t&nh x dx 

(xli) 

J coth a; 

(xlii) 

A-t = ] 

J smh a; 

(xliii) 

r 

/ cosh a? 


=, f j - === — cosh -1 
-a 2 y V x 2 - a 2 


-2 , f. = sinh -1 - 

/a; 2 -j- a 2 J Vx 2 + a 2 

a r dx I . 

-5 o> / -3 a = -tanh' 1 - 

r - a; 2 a 2 ~ x 2 a a 


= logh cosh a; 
= logh sinh a; 


integral.) 


VOQ1I iV 

constant of integration is to be added to eac 
•) 


$ I H 
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l. Applications to Integration. 


/ I . 1 

eifc* dx — — e^ bx = jj(cos bx + j sin bx) 

i.e. j* { cos bx -f- j sin bx) dx — ^~(cos 6# + j sin 6a:) 


II. (a) j ~ sin 2 # dx = J \ ^ d# 

= -\J ( e ~ jx + e ' yx - 2 )^ 

lTe 2 ** e- 2 J* _ "1 

4[2j 2j 2x \ 


(b) I cos 3 # s 


I . 0 . X 

= - -g sin 2x + ^ 

/Ye** -f e’**\ 3 , 

= iy" (e 3 ^+ 3e 2 ^e-^+ 3e^e* 2 ^+ er** x )dx 
ire^’x 3&x 3e'i x e’ 3 ^ x l 

= s[ly + "J 7 J 

1 p 6 3 ja? _ e - 3 ix 

= si ^ 3 j J 


1 f sin 3# 


3 sin x 


= sin x — 


III. / e(° + i b ) x dx = e< ° +J6>:C t ij T 2 e(o +jb)x 

f a ^ j 0 a~ 4 - 0 


Cl. / e( a + J b ) x dx = 

J o -t-jw 

i.e. J* e? x (G 08 bx -j- j sin 6#) cfa;, 
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J > e ax cos bx dx + e ax j sin bx dx 

= a- -+& ef,x ( oos bx + 3 sin hx) 


(UX 

— 1 o t r» ( a cos bx + b sin bx) 
a 2 -f 6 2V 

jgCtX 

+ a 2_fl~2 ( a sin bx - b cos bx) 

Equating real to real, and then imaginary to imaginary, 
we have, 


e^cos bx dx 


e^sin bx dx 


' a 2 4 ~b 2 


(a cos bx + b sin &#) 


(ax 

■ — 5 — ; — rs(a sin bx -b cos bx) 
a , 2 4- 6 2X - 


As an exercise, find the average value of 


e 10 cos Sx from x — 2 tc to —it 


IV. / e^cos x sin x dx 


r e 2 i x - e~ 2 o x -j 
e x . -77T- dx 

% 


— J" e^sin 2 x dx 
1 r e 2jx _ e -?jx 

=y e ■ — dx 

-hf (e(i + 2 j)x-e(i-V)*)dx 

lTe(i + 2 J> e (i-2j>-i 

“ 4^|_ 1 + 2 i “ J 




(1 + 2 j)e-V* 


(Xf e 2jx _ e -2jx Jf&5x -j- (-2jx~ 

j 3 j 
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e x 

— g^(2 sin 2x - 4 cos 2a;) 

e x 

== (sin 2a; - 2 cos 2a;) 

7. I cosh x cos x dx and / sinh x sin x dx . 




/« 


By (xxi) (Summary). 

cosh a; cos x + j sinh a; sin x = cosh(l + j) x 


,\ cosh a; cos a; da; -f- J j ~ sinh a; sin a; 
= J* eosh(l + J)a; da; 


da; 


_ sinh(l + J)a; 

1 + j 

_ (l~j) ™h (1 -hj)x 
~ 2 

= (1 — J) (sinh a; cos a; + i cosh a; sin x) | 

s= (sinh x cos x + cosh x sin x) 

•+ j (cosh x sin x — sinh x cos a;)| 

Equating real to real and then imaginary to imaginary, 
we have, 


and 


/■ 

/■ 


cosh x cos x dx = -^(sinh x cos x + cosh x sin x) 

Jj 


sinh x sin x dx — —(cosh x sin x — sinh x cos x) 

2i 


As an exercise, beginning with relation (xxii) (Summary), show 
that J sinh x cos x dx — i(cosh x cos x -f- sinh x sin a;) 
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§3. Logarithmic Differentiation. The differentiation of 
a function consisting of the product (or quotient) of several 
functions yields readily to logarithmic treatment. 

Let y = uv/w (all functions of x) . . . . (1) 

Then since 

logh y = logh u + logh v - logh w . . . . (ii) 

and ^ where Z represents in turn each of these 

functions of x, and Y — logh Z, we have by differentiating 
equation (ii) 

l^dy 1 du 1 dv 1 dw 

y dx u dx v dx w dx ' ' 


dy f 1 du 1 dv 1 dw\ 

dx y \u dx v dx w dx) 


b cos bx > 


Example 1. 

If y = x n e ax sin bx 
then by (iv) 

dy nx n ~ x . ae ax , b cos bx\ 

dx \ x n e ax sin bx ) 

= nx^e™ sin bx -j- ae ax rc n sin bx + x n e ax b cos bx 

The student should also work this example through the 
logarithmic equation, beginning, 

logh y s= n logh x -j- ax + logh sin bx 
This method is adopted in the next example. 


Example 2. 

^ tan bx 

then logh y = n logh x + ax — logh tan bx, and differentiat- 

1 dy n b sec 1 2 bx 

y dx x tan bx 
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• ^ 
* * dx 


-4 


H - CL — 


b sec 2 bx 
tan bx 


x n e ax fn b sec 2 6aA 

tan bx V x * tan bx ) 


Example 3. 

£_ 

Eind the fractional change in e 10 sin x when x changes by 
*01 from 

4 


Let y = e ~ 10 sin x 


then logh y — - — + logh sin x 

, 1 dy 1 , cos x 

and- — - vr + 

y dx 10 sin x 


Again, since ^ ~ ^ 


d y*^ d y. 


we have by substituting ^ for ^ and transposing 


dy 

y 


(- Yo + cot *) 

(“ ro + 0 


+ 1 X -01 


*009 


EXERCISES 

1. Differentiate (i) x 3 e zx sin %x. (ii) e~ 2x Vx cos a?, (iii) e x * sin 2 #, 
(iv) e 2x ixK 

2. Find the fractional change in e-k x cos 2x when x changes from 
$ « by *01. 




EXERCISES 


Show that — 

1. tanh jx = j tan x. 

2. tan jx a=s j tanh x. 

3. cosh(a? 4- j2njz) — cosh a;. 

4. sinh (a; -J- ^nTr) = sinh x. 

5. eosh^a? j = j sinh x = sin Jas. 

6. sinh^a; -j- j = j cosh x ~ j cos jx, 

7. tanh^a? 4- j = coth x. 

8. e’h — - j, and logh {- j) = 

9. logh (-1) = 4; jiz. 

10. cosh u 


1 4- tanh 2 £ 


tanh 2 - 


11. sinh u — 


2 tanh ~ 

Ju 

1 — tanh 2 — 
2 


1 2 . «« =. 


1 4~ tanh ^ 
J 

1 — tanh ~ 

2i 


13. If tan 


e 


tanh - , then sec 6 « cosh ti. 


and 


= tan (s + D - 


14. If tan ^ = tanh and 0 = 50°, then u = 


15. 


jT 


! cos a? da? — 1-9. 


1-01. 
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eP sin x dx = 2*9. 


17. 


eP cos x sin sc dx — 1*16. 


i; 

■f: 

fire 

18. / cosh x cos x dx — % cosh £tc = 1*25. 

*■'0 

PTC 

19. / sinh re sin x dx === £ sinh re — 5*78. 
o 

PTC 

20. / cosh a? sin a? eta? — £ (cosh tc + 1) = 6*3. 
•J o 


ANSWERS TO EXERCISES 
Chapter I. Exercise, Page 6 

g-603^ e 2-3026 y c -1.204^ e *346^ 

2. 20*086, 1*39, 4*1, 1*648, 4*81, *208. 

3. — 0*695. 

Exercise , Page 8 

3. 1-718. (4) 1-0986A, fclogli^. 

x x 


Chapter II 

Page 13 36*16 millions — actual was 36*07 millions. 

„ 14 £199 (approx.), 1*3 years. 

„ 16 59° (approx.). 

„ 20 4*8 lb.. Ill lb. (approx.). 

,, 21 24*5 in. (approx.). 

„ 22 (1) 56*49 sec., -6475 tons. 

(2) * = i + V v 0 Kt ’ a = s Iogh(1 + 

„ 24 (2) -04(e' s9 2 - e' 50 i), -152, 1-09. 

• Chapter III. Page 32 
1. (aP - 1 )■* -x (sc 2 - l)% (2x 2 + 1) (a? 2 - 1)"^. 

{sxP -f. i)-i - x (x 2 -f l)’t, (2aP - 1) (a? 2 ~{~ l)“i 

3. (i) sinh" 1 - ~ (ii) cosh -1 X ^ , (iii) sin" 1 . 

4. (i) sinh -1 - 3 , (ii) sinh" 1 — 2 , (iii) sinh" 1 X ~ , 
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(iv) sink' 1 » ( (iii) (iv) v ) cosh" 1 » (vi) cosh“ 1 (2a; -f 5). 

Page 35 

(1) it. (2) 2-64. (3) | V5 J ^4-2 cosh- 1 ?. 

(4) 2 Vx* + 25 + 12JsirLh-i5. (5) 64-37. 

J* O 

Page 38 

(3) 20*036. (4) 3 sinh 3t, 9 cosh 3t. 

Chapter V. Page 46 

cos 2x = 2 cos 2 x — 1, sin 2x — 2 sin x cos a;, 

cos 4a; = 8 cos 4 a; - 8 cos 2 x 4- 1, 

sin 4a; — 4 cos x sin x — 8 cos x sin 3 x . 

Chapter VI. Page 57 

10 + i4 = VH6(cos 22° 4 i sin 22°) = V116e*‘*® 84 

-4 -f yiO = VH6(cos 112° + j sin 112°) = ^U6e^ ss 

10 -i4 = V116(cos 22° -j sin 22°) = VH6e-^ M 

- 10 -f i4 = VH6(cos 158° 4i sin 158°) = VH^’ 2 * 76 
6 4 i7 = V85(cos 49° 4 j sin 49°) = v / 85e 1 '* 85 

6 -^7 = V85(cos 49° -i sin 49°) = V85e-^« 8 

16 4 ill = V377(cos 44° 4 i sin 44°) * V377«^ 7 * 

16~i3 = V265(cos 11° -j sin 11°) = 

34j2 = V13(cos 42° 4 j sin 42°) = */13ef’™ 

3 -j2 = V13(cos 42° -j sin 42°) — V 13e 

22 4 i32 = 38*7(cos 56° 4 j sin 56°) = 38*7e^*» 8 

22 -i8 = 23*2(cos 20° -~i sin 20°) = 23*2e"** S49 

Page 66 (2) e j ?, e~ j T. 

Chapter VII. Page 74 

- 0*093 (approx.). 

Page 77 

1. (i) 3x 2 e 2X sin \x 4 2e aa5 x 3 sin £x 4 fa^e 2 * cos 

. jj-235 cos X 

(ii) — 2e~ iX V x cos x 4 £ — — - e" aaJ V x sin x 

(iii) 2x e* 2 sin S£B 4 Se* 2 sin x cos x 

(iv) 2e 2X Jx 2 — 2 e aaj/«3 

2. -*0396. 
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Alternating currents, 57 
Answers to exercises, 80 
Argand’s diagram, 66 
Atmospheric pressure, 20 

Binomial expansion, 42 

Calculation of rr, 40, 48 
Catenary, 37 

Chemical reaction, velocity of, 
16 

Cooling, Newton’s law of, 16 
Coseeh, 27 
Cosh, 25 
Coth, 27 

Damping, 22 
De Moivre’s theorem, 45 
Depreciation, 13 

Equiangular spiral, 24 
Euler’s expressions, 71 
Exponential series, 3 

cosine, 44 

sine, 44 

Forces, polygon of, 64 
, representation of, 64 

Growth, 10 

Guldberg and Waage’s law, 16 

Hyperbola, 22 

, sector of, 35 

Hyperbolic functions, 25 
, differentiation of, 29 


Hyperbolic functions, integra- 
tion of, 29 

Imaginary roots, 67 
Impedance, 57 
Impedances, in parallel, 58 

, in series, 61 

Interest, 10 

Leaks, 18 

Logarithmic curve, 4 

differentiation, 76 

series, 40 

Napier, John, 5 
Napierian logarithms, 4, 40 

Operators, 51, 53 

Population, growth of, 12 

Quadratic equations, 67 

Hoots of ±1, 65 

Sech, 27 
Series, cosh, 25 

, cosine, 39 

, exponential, 3 

, sine, 39 

, sinh, 25 

Summary, 70 

Tanh, 27 

Tension in belts, 20 
Vectors, 51 
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Revised . . . . . . . . .60 

Mining Certificate Series, Pitman’s. Edited by John 
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Mine Ventilation and Lighting. By C. D. Mottram, 

B.Sc 8 6 

Colliery Explosions and Recovery Work. By J. W. 
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Civil Engineering, Building, etc. — contd. s . d. 
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Mechanical Engineering — contd. 5 . d. 

Mollier Steam Tables and Diagrams, The. Extended to the 
Critical Pressure. English Edition adapted and amplified 
from the Third German Edition by H. Moss, D.Sc., A.R.C.S., 

D.I.C 7 6 

Mollier Steam Diagrams. Separately in envelope . .20 

Motive Power Engineering. For Students of Mining and 

Mechanical Engineering. By Henry C. Harris, B.Sc. . 10 6 

Steam Condensing Plant. By John Evans, M.Eng., 

A.M.I.Mech.E. - . . . . . . .76 

Steam Plant, The Care and Maintenance of. A Practical 
Manual for Steam Plant Engineers. By J. E. Braham, B.Sc., 

A.C.G.I .50 

Steam Turbine Operation. By W. J. Kearton, M.Eng., 

A.M.I.Mech.E., A.M.Inst.N.A 12 6 

Steam Turbine Theory and Practice. By W. J. Kearton, 

M.Eng., A.M.I.M.E., A.M.Inst.N.A. Third Edition . 15 0 

Strength of Materials. By F. V. Wamock, Ph.D., B.Sc. 

(Bond.), F.R.C.Sc.I., A.M.I.Mech.E 12 6 

Textile Mechanics and Heat Engines. By Arthur Riley, 

M. Sc (Tech.), B.Sc., A.M.I.Mech.E., and Edward Dunkerley 15 0 

Theory of Machines. By Louis Toft, M.Sc.Tech., and A. T. J. 

Kersey, B.Sc. Second Edition. . . . . . 12 6 

Thermodynamics, Applied. By Prof. W. Robinson, M.E., 

M.Inst.C.E 18 0 

Turbo-Blowers and Compressors. By W. J. Kearton, 

M.Eng., A.M.I.M.E., A.M.Inst.N.A 21 0 

Uniflow, Back-pressure, and Steam Extraction Engines. 

By Eng. Lieut.-Com. T. Allen, R.N.(S.R.), M.Eng., 

M.I.Mech.E. 42 0 

Workshop Practice. Edited by E. A. Atkins, M.I.Mech.E., 

M.I.W.E. In eight volumes .... Each 6 0 

AERONAUTICS, ETC. 

Aerobatics. By Major O. Stewart, M.C.. A.F.C.. . .50 

Aeronautics, Definitions and Formulae for Students. 

By J. D. Frier, A.R.C.Sc., D.I.C - 6 

Aeroplane Structural Design. By T. H. Jones, B.Sc., 

A.M.I.E.E., and J. D. Frier, A.R.C.Sc., D.I.C. . . 21 0 

Air and Aviation Law. By Wm. Marshall Freeman, of the 

Middle Temple, Barrister-at-Law . . . . .76 

Air Navigation for the Private Owner. By Frank A. 

Swoffer, M.B.E. . . . . . . - .76 

Aircraft, Civilian, Register of. By W. O. Manning and 

R. L. Preston 2 6 

Aircraft, Modern. By Major V. W. Page, Air Corps Reserve, 

U.S.A. 21 0 

Airmanship. By John McDonough . . . . .76 

Airship, The Rigid. By E. H. Lewitt, B.Sc., M.I.Ae.E. . 30 0 



10 PITMAN’S TECHNICAL BOOKS 


Aeronautics, etc. — contd. 

Autogiro, C.19, The Book of The. By C. J. Sanders and 
A. H. Rawson ........ 

Aviation: From the Ground Up. By Lieut. G, B. Manly . 
Flying as a Career. By Major Oliver Stewart, M.C., A.F.C. . 
Gliding and Motorless Flight. By L. Howard-Flanders, 
A.F.R.AE.S., M.I.AE.E., A.M.I.Mech.E,, and C. F. Carr . 
Learning to Fly. By F. A. Swoffer, M.B.E. Second Edition 
Light Aero Engines. By C. F. Caunter . . ' 

Parachutes for Airmen. By Charles Dixon ... 
Pilot's ** A " Licence. Compiled by John F. Leeming, Royal 
Aero Club Observer for Pilot's Certificates. Fourth Edition. 


MARINE ENGINEERING 

Marine Engineering, Definitions and Formulae for Stu- 
dents. By E. Wood, B.Sc. ...... 

Marine Screw Propellers, Detail Design of. By Douglas 
H. Jackson, M.I.Mar.B., A.M.I.N.A. .... 


MOTOR ENGINEERING 

* Automobile and Aircraft Engines. By A. W. Judge, 
A.R.C.S., A.M.I.A.E. Second Edition . . . 

Carburettor Handbook, The. By E. W. Knott, A.M.I.A.E. 
Gas and Oil Engine Operation. By J. Okill, M.I.A.E. 

Gas, Oil, and Petrol Engines. By A. Garrard, Wh.Ex. . 
Magneto and Electric Ignition. By W. Hibbert, A.M.I.E.E. 
Motor-Cyclist's Library, The. Each volume in this series 
deals with a particular type of motor- cycle from the point 
of view of the owner-driver .... each 

A. J.S., The Book of the. By W. C. Haycraft 
Ariel, The Book of the. By G. S. Davison 

B. S.A., The Book of the. By “ Waysider " 
Douglas, The Book of the. By E. W. Knott, 
Imperial, Book of the New. By F. J. Camm 
Matchless, The Book of the. By W. C. Haycraft 
Norton,. The Book of the. By W. C. Haycraft 

P. and M., The Book of the. By W. C. Haycraft 
Raleigh, Handbook, The. By “ Mentor." 

Royal Enfield, The Book of the. By R. E. Ryder 
Rudge, .The Book of the. By L. H. Cade 
Triumph, The Book of the. By E. T. Brown 
Villiers Engine, Book of the. By C. Grange 
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Motor Engineering — contd. 

Motorist’s Library. 

Austin, The Book of the. By Burgess Garbutt. Revised 
by E. H. Row. Third Edition . . . . 

Morgan, The Book of the. By G. T. Walton . 
Singer Junior, Book of the. By G. S. Davison 
Motorist’s Electrical Guide, The. By A. H. Avery, 

A.M.I.E.E 

Caravanning and Camping. By A. H. M. Ward, M.A.. 

OPTICS AND PHOTOGRAPHY 

Amateur Cinematography. By Capt. O. Wheeler, F.R.P.S. , 
Applied Optics, Introduction to. Volume I. General and 
Physiological. By L. C. Martin, D.Sc., A.R.C.S., D.I.C.. 
Bromoil and Transfer. By L. G. Gabriel, B.Sc., Hons. 
Camera Lenses. By A. W. Lockett ..... 

Colour Photography. By Capt. O. Wheeler, F.R.P.S.. 
Commercial Photography. By D. Charles 
Complete Press Photographer, The. By Bell R. Bell 
Lens Work for Amateurs. By H. Orford. Fifth Edition, 
Revised by A. Lockett. ....... 

Photographic Chemicals and Chemistry. By J. South-worth 
and T. L. J . Bentley . ...... 

Photographic Printing. By R. R. Rawkins . . 

Photography as a Business. By A. G. Willis . 
Photography Theory and Practice. By L. P. Clerc and 
G. E. Brown . . . . . . . . 

Retouching and Finishing for Photographers. By J. S. 
Adamson ......... 

Studio Portrait Lighting. By H. Lambert, F.R.P.S. 
Talking Pictures. By B. Brown, B.Sc. . . 

ASTRONOMY 

Astronomy for Everybody. By Professor Simon Newcomb, 
LL.D. With an Introduction by Sir Robert Ball 
Astronomy, Pictorial. By G. F. Chambers, F.R.A.S. 

Great Astronomers. By Sir Robert Ball, D.Sc., LL.D., F.R.S. 
High Heavens, In the. By Sir Robert Ball . . 

Starry Realms, In. By Sir Robert Ball, D.Sc., LL.D., F.R.S. 

ELECTRICAL ENGINEERING, ETC. 

Accumulator Charging, Maintenance, and Repair. By 
W. S. Ibbetson. Second Edition ..... 
Alternating Current Bridge Methods. By B. Hague, 
D.Sc. Second Edition . . . . . . 

Alternating Current Circuit. By Philip Kemp, M.I.E.E. . 
Alternating Current Machinery, Papers on the Design 
of. By C. C. Hawkins, M.A., M.I.E.E., S. P. Smith, D.Sc., 
M.I.E.E. and S. Neville, B.Sc. . . . 
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Electrical Engineering, etc. — contd. s . d. 

ALTERNATING CURRENT POWER MEASUREMENT. By G. F. Tagg 3 6 

Alternating Current Work. By W. Perren May cock, 

M.l.E.E. Second Edition . . . - . 10 6 

Alternating Currents, The Theory and Practice of. By 

A. T. Dover, M.l.E.E. Second Edition . . . . 18 0 

Armature Winding, Practical Direct Current. By L. 

Wollison 7 6 

Cables, High Voltage. By P. Dunsheath, O.B.E., M.A., B.Sc. 

M.l.E.E 10 6 

Continuous Current Dynamo Design, Elementary Prin- 
ciples of. By H. M. Hobart, M.I.C.E., M.I.M.E., M.A.I.E.E. 10 6 

Continuous Current Motors and Control Apparatus. By 

W. Perren Maycock, M.l.E.E. . . . . .76 

Definitions and Formulae for Students — Electrical. By 

P. Kemp, M.Sc., M.l.E.E - 6 

Definitions and Formulae for Students — Electrical In- 
stallation Work. By F. Peake Sexton, A.R.C.S., A.M.I.E.E. - 6 

Direct Current Dynamo and Motor Faults. By R. M. 

Archer ......... 7 6 

Direct Current Electrical Engineering, Elements of. 

By H. F. Trewman, M.A., and C. E. Condliffe, B.Sc. . 5 0 

Direct Current Electrical Engineering, Principles of. 

By James R. Barr, A.M.I.E.E. . . . . 15 0 

Direct Current Machines, Performance and Design of. 

By A. E. Clayton, D.Sc., M.l.E.E 16 0 

Dynamo, The : Its Theory, Design, and Manufacture. By 
C. C. Hawkins, M.A., M.l.E.E. In three volumes. Sixth 
Edition — 

Volume I . . . . . . . .210 

II 15 0 

HI 30 0 

Dynamo, How to Manage the. By A. E. Bottone. Sixth 

Edition, Revised and Enlarged . . . . .20 

Electric and Magnetic Circuits — Alternating and 

Direct Current, The. By E. N. Pink, B.Sc., A.M.I.E.E . 3 6 

Electric Bells and All About Them. By S. R. Bottone. 

Eighth Edition, thoroughly revised by C. Sylvester, 

A.M.I.E.E 3 6 

Electric Circuit Theory and Calculations. By W. Perren 
Maycock, M.l.E.E. Third Edition, Revised by Philip Kemp, 

4 M.Sc., M.l.E.E A.A.I.E.E 10 6 

Electric Light Fitting, Practical. By F. C. Allsop. Tenth 

Edition, Revised and Enlarged . . . . .76 

Electric Lighting and Power Distribution. By W. 

Perren Maycock, M.l.E.E. Ninth Edition, thoroughly 
Revised by C. H. Yeaman — 

Volume I . . . . . . 10 6 

II 10 6 
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' Electrical Engineering, etc. — contd. 

Electric Machines, Theory and Design of. By F. Creedy, 

M.A.I.E.E., A.C.G.I 

Electric Motors and Control Systems. By A. T. Dover, 

M.I.E.E., A.Amer.I.E.E 

Electric Motors (Direct Current) : Their Theory and 
Construction. By H. M. Hobart, M.I.E.E., M.Inst.C.E., 
M.Amer.I.E.E. Third Edition, thoroughly Revised . 
Electric Motors (Polyphase) : Their Theory and Con- 
struction. By H. M. Hobart, M.Inst.C.E., M.I.E.E., 
M.Amer.I.E E. Third Edition., thoroughly Revised . 
Electric Motors for Continuous and Alternating Cur- 
rents, A Small Book on. By W. Perren Maycock, 

M.I.E.E 

Electric Traction. By A. T. Dover, M.I.E.E., Assoc. Amer. 
I.E.E. Second Edition ....... 

Electric Trolley Bus, The. By R. A. Bishop . 

Electric Wiring Diagrams. By W. Perren Maycock, M.I.E.E 
Electric Wiring, Fittings, Switches, and Lamps. By W. 
Perren Maycock, M.I.E.E. Sixth Edition. Revised by 

Philip Kemp, M.Sc., M.I.E.E 

Electric Wiring of Buildings. By F. C. Raphael, M.I.E.E. 
Electric Wiring Tables. By W. Perren Maycock, M.I.E.E., 
and F. C. Raphael, M.I.E.E. Sixth Edition 
Electrical Condensers. By Philip R. Coursey, B.Sc., 

F.Inst.P., M.I.E.E 

Electrical Educator. By Sir Ambrose Fleming, M.A., D.Sc., 
F.R.S. In three volumes. Second Edition 
Electrical Engineering, Classified Examples in. By S. 
Gordon Monk, B.Sc. (Eng.), A.M.I.E.E. In two parts — 
Volume I. Direct Current. Second Edition . 

II. Alternating Current. Second Edition . 
Electrical Engineering, Elementary. By O. R. Randall, 
Ph.D„ B.Sc., Wh.Ex. . . . . 

Electrical Engineering, Experimental. By E. T. A. 
Rapson ......... 

Electrical Engineer’s Pocket Book, Whittaker’s. Origi- 
nated by Kenelm Edgcumbe, M.I.E.E., A.M.I.C.E. Sixth 
Edition. Edited by R. E. Neale, B.Sc. (Hons.) 

Electrical Insulating Materials. By A. Monkhouse, Junr., 

M.I.E.E., A.M.I.Mech.E 

Electrical Machinery and ApparatusManufacture. Edited 
by Philip Kemp, M.Sc., M.I.E.E., Assoc. A.I.E.E. In seven 
volumes ........ Each 

Electrical Machines, Practical Testing of. By L. Oulton, 
A.M.I.E.E., and N. J. Wilson, M.I.E.E. Second Edition . 
Electrical Power Transmission and Interconnection. 
By C. Dannatt, B.Sc., and J. W. Dalgleish, B.Sc. 
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Electrical Engineering, etc. — contd. 5. a. 

Electrical Guides, Hawkins’. Each book in pocket size . 5 0 

1. Electricity, Magnetism, Induction, Experiments, 

Dynamos, Armatures, Windings 

2. Management of Dynamos, Motors, Instruments, 

Testing 

3. Wiring and Distribution Systems, Storage Bat- 

teries 

4. Alternating Currents and Alternators 

5. A.C. Motors, Transformers, Converters, Rectifiers 

6. A.C. Systems, Circuit Breakers, Measuring Instru- - 

MENTS 

7. A.C. Wiring, Power Stations, Telephone Work 

8. Telegraph, Wireless, Bells, Lighting 

9. Railways, Motion Pictures, Automobiles, Ignition 

10. Modern Applications of Electricity. Reference 

Index 

Electrical Technology. By H. Cotton, M.B.E., D.Sc., 

A.M.I.E.E 12 6 

Electrical Terms, A Dictionary of. By S. R. Roget, M.A., 

A.M.Inst.C.E., A.M.I.E.E. Second Edition . . .76 

Electrical Transmission and Distribution. Edited by 

R. O. Kapp, B.Sc. In eight volumes. Vols. I to VII, each 6 0 

Vol. VIII 3 0 

Electrical Wiring and Contracting. Edited by H. Marryat, 

M.I.E.E., M.I.Mech.E. In seven volumes . . Each 6 0 

Electro-Motors: How Made and How Used. By S. R. 
Bottone. Seventh Edition. Revised by C. Sylvester, 

A.M.I.E.E .46 

Electro-Technics, Elements of. By A. P. Young, O.B.E., 

M.I.E.E 5 0 

Engineering Educator, Pitman’s. Edited by W. J. 
Kearton, M.Eng., A.M.I.Mech.E., A.M.Inst.N.A. In three 
volumes ... . . . . . . . 63 0 

Horse-power Motors, Fractional. By A. H. Avery, 

A.M.I.E.E 7 6 

Induction Motor, The. By H. Vickers, Ph.D., M.Eng. . 21 0 

Kinematography Projection: A Guide to. By Colin H. 

Bennett, F.C.S., F.R.P.S. . . ' . . . 10 6 

Mercury- Arc Rectifiers and Mercury-Vapour Lamps. By 

Sir Ambrose Fleming, M. A., D. Sc., F.R.S. . . .60 

Meter Engineering. By J. L. Ferns, B.Sc. (Hons.), A.M.C.T. 10 6 

Oscillographs. By J. T. Irwin, A.M.I.E.E. . . .76 

Power Distribution and Electric Traction, Examples in. 

By A. T. Dover, M.I.E.E., A.A.I.E.E 3 6 

Power Station Efficiency Control. By John Bruce, 

A.M.I.E.E. . 12 6 

Power Wiring Diagrams. By A. T. Dover, M.I.E E., A.Amer. 

I.E.E. Second Edition, Revised . . ‘ . .60 

Practical Primary Cells. By A. Mortimer Codd, F.Ph.S. . 5 0 

Railway Electrification. By H. F. Trewman, A.M.I.E.E. 21 0 
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* Electrical Engineering, etc. — contd. 5 . d . 

Sags and Tensions in Overhead Lines. By C. G. Watson, 

M.I.E.E 12 6 

Steam Turbo - Alternators, The. By L. C. Grant, 

A.M.I.E.E 15 0 

Storage Batteries : Theory, Manufacture, Care, and 

Application. By M. Arendt, E.E. . . . . 18 0 

Storage Battery Practice. By R. Rankin, B.Sc., M.I.E.E. 7 6 

Transformers for Single and Multiphase Currents. By 
Dr. Gisbert Kapp, M.Inst.C.E., M.I.E.E. Third Edition, 

Revised by R. O. Kapp, B.Sc. . . . . 15 0 

Train Lighting, Electric. By C. Coppock . . .76 


TELEGRAPHY, TELEPHONY, AND WIRELESS 


Automatic Branch Exchanges, Private. By R. T. A. s. d. 
Dennison ...... 12 6 

Automatic Telephony, Relays in. By R. W. Palmer, 

A.M.I.E.E 10 6 

Baudot Printing Telegraph System. By H. W. Pendry. 

Second Edition . . . . . . . .60 

Cable and Wireless Communications of the World, The. 

By F J. Brown, C.B., C.B.E., M.A., B.Sc. (Lond.) Second 
Edition. ......... 7 6 

Crystal and One- Valve Circuits, Successful. By J. H. 

Watkins . . .36 

Photoelectric Cells. By Dr. JST. R. Campbell and Dorothy 

Ritchie. Second Edition . . . . . . 15 0 

Radio Communication, Modern. By J. Reyner. 3rd Ed. . 5 0 

Submarine Telegraphy. By Ing. Italo de Giuli. Translated 

by J. J. McKichan, O.B.E., A.M.I.E.E . 18 0 

Telegraphy. By T. E. Herbert, M.I.E.E. Fifth Edition . 20 0 

Telegraphy, Elementary. By H. W. Pendry. Second 

Edition, Revised . . . . . . . .76 

Telephone Handbook and Guide to the Telephonic 
Exchange, Practical. By Joseph Poole, A.M.I.E.E. 

(Wh.Sc.). Seventh Edition 18 0 

Telephony. By T. E. Herbert, M.I.E.E. . . . 18 0 

Telephony Simplified, Automatic. By C. W. Brown. 

A.M.I.E.E. Second Edition . . . . . .60 

Telephony, The Call Indicator System in Automatic. By 

A. G. Freestone, of the G.P.O., London . . . .60 

Telephony, The Director System of Automatic. By W. E. 

Hudson, B.Sc. Hons. (London), Whit.Sch., A.C.G.I. . .50 

Television: To-day and To-morrow. By Sydney A. Moseley 

and H. J. Barton Chappie, Wh.Sc., B.Sc. Second Edition. 7 6 

Wireless Manual, The. By Capt. J. Frost. Third Edition . 5 0 

Wireless Telegraphy and Telephony, Introduction to. 

By Sir Ambrose Fleming ...... 


3 6 
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MATHEMATICS AND CALCULATIONS 
FOR ENGINEERS 

Algebra, Common-sense, for Juniors. By F. F. Potter, M.A., s. 
B.Sc., and J. W. Rogers, M.Sc. ... 3 

With. Answers ...... 3 

Algebra, Test Papers in. By A. E. Donkin, M.A. 2 

With Answers ...... 2 

With Answers and Points Essential to Answers 3 

Alternating Currents, Arithmetic of. By E. H. Crapper, 

M.I.E.E 4 

Calculus for Engineering Students. By John Stoney, 

B.Sc., A.M.I.Min.E 3 

Definitions and Formulae for Students— -Practical 
Mathematics. By L. Toft, M.Sc. ...... 

Electrical Engineering, Whittaker’s Arithmetic of. 
Third Edition, Revised and Enlarged .... 3 

Electrical Measuring Instruments, Commercial. By R. M. 

Archer, B.Sc. (Lond.), A.R.C.Sc., M.I.E.E. . . .10 

Geometry, Building. By Richard Greenhalgh, A.I.Struct.E. 4 

Geometry, Exercises in Building. By Wilfred Chew . 1 

Geometry, Test Papers in. By W. E. Paterson, M.A., B.Sc. 2 

Points Essential to Answers, Is. In one book . . 3 

Graphic Statics, Elementary. By J. T. Wight, A.M.I.Mech.E. 5 
Kilograms into Avoirdupois, Table for the Conversion 
of. Compiled by Redvers Elder. On paper ... 1 

Logarithms for Beginners. By C. N. Pickworth, Wh.Sc. 

Eighth Edition . . . . . . .1 

Logarithms, Five Figure, and Trigonometrical Functions 
B y W. E. Dommett, A.M.I.A.E., and H. C. Hird, A.F.Ae.S* 
(Reprinted from Mathematical Tables ) .... 1 

Logarithms Simplified. By Ernest Card, B.Sc., and A. C. 
Parkinson, A.C.P. Second Edition ..... 2 

Mathematics and Drawing, Practical. By Dalton Grange. 2 
With Answers ........ 2 

Mathematics, Engineering, Application of. By W. C. 
Bickley, M.Sc. ....... 5 

Mathematics, Experimental. By G. R. Vine, B.Sc. — 

Book I, with Answers ...... 

Book IX, with Answers ...... 

Mathematics for Engineers. Preliminary. By W. S. 

Ibbetson, B.Sc., A.M.I.E.E., M.I.Mar.E 3 

Mathematics for Technical Students. By G. E. Hall, B.Sc. 5 

Mathematics, Practical. By Louis Toft, M.Sc. (Tech.), and 
A. D. D. McKay, M.A. 16 

Mathematics, Industrial (Preliminary), By G. W. String- 
fellow .......... 2 

With Answers ........ 2 

Measuring and Manuring Land, and Thatchers'. Work, 
Tables for. By J. Cullyer. Twentieth Impression. . 3 

Mechanical Tables. By J. Foden ..... 2 
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5 Mathematics for Engineers — contd. s . d. 

Mechanical Engineering Detail Tables. By John P. 

Ross .......... 7 6 

Metalworker's Practical Calculator, The. ByJ.Matheson 2 0 

Metric Conversion Tables. By W. E. Dommett, A.M.I.A.E. 1 0 

Metric Lengths to Feet and Inches, Table for the Con- 
version of. Compiled by Redvers Elder . . .10 

Mining Mathematics (Preliminary). By George W. String- 

fellow' .......... 1 6 

With Answers . . . . . . . .20 

Quantities and Quantity Taking. By W. E. Davis. Seventh 

Edition. Revised by P. T. Walters,- F.S.I., F.I.Arb. . . 6 0 

Reinforced Concrete Members, Simplified Methods of 
Calculating. By W. N. Twelvetrees, M.I.M.E., A.M.I.E.E. 

Second Edition, Revised and Enlarged . . . .50 

Slide Rule, The. By C. N. Pickworth, Wh.Sc. Seventeenth 

Edition, Revised . . . . . . .36 

Slide Rule: Its Operations,* and Digit Rules, The. By 

A. Lovat Higgins, A.M.Inst.C.E. . . . . - 6 

Steel's Tables. Compiled by Joseph Steel . . .36 

Telegraphy and Telephony, Arithmetic of. By T. E. 

Herbert, M.I.E.E., and R. G. de Wardt . . . .50 

Trigonometry for Engineers, A Primer of. By W. G. 

Dunkley, B.Sc. (Hons.) . . . . . . .50 

Trigonometry for ^Navigating Officers. By W. Percy 

Winter, B.Sc. (Hons.), Lond 10 6 

Trigonometry, Practical. By Henry Adams, M.I.C.E , 

M.I.M.E., F.S.I. Third Edition, Revised and Enlarged . 5 0 

Ventilation, Pumping, and Haulage, Mathematics of. By 

F. Birks . . . . . . - . .50 

Workshop Arithmetic, First Steps in. By H. P. Green . 1 0 

miscellaneous technical books 

Boot and Shoe Manufacture. By Frank Plucknett . 35 0 

Brewing and Malting. By J. Ross Mackenzie, F.C.S., 

F.R.M.S. Second Edition . . . . . .86 

Builder's Business Management. By J. H. Bennetts, 

A.I.O.B 10 6 


Ceramic Industries Pocket Book. By A. B. Searle 
Cinema Organ, The. By Reginald Foort, F.R.C.O. 

Electrical Housecraft. By R. W. Kennedy 
Engineering Economics. By T. H. Burnham, B.Sc. (Hons.), 

B.Com., A.M.I.Mech.E. Second Edition . . 10 6 

Engineering Inquiries, Data for. By J. C. Connan, B.Sc., 

A.M.I.E.E., O.B.E 12 

Estimating. By T. H. Hargrave. Second Edition . . 7 

Faraday, Michael, and Some of His Contemporaries. By 

William Cramp, D.Sc., M.I.E.E 2 

Furniture Styles, The. By H. E. Binstead. Second Edition 10 
Glue and Gelatine. By P. I. Smith .... 8 
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Miscellaneous Technical Books — contd. 

Gramophone Handbook, The. By W. S. Rogers. 
Hairdressing, The Art and Craft of. Edited by G. A. Foan 
Hiker and Camper, The Complete. By C. F. Carr 
House Decorations and Repairs. By W. Prebble. Second 
Edition ......... 

Motor Boating. By F. H. Snoxell ..... 

Music Engraving and Printing. By Wm. Gamble 
Paper Testing and Ch.emistry for Printers. By G. A. 
Jahans, B.A. ........ 

Petroleum. By Albert Lidgett. Third Edition. 

Precious and Semi-Precious Stones. By Michael Weinstein 
Second Edition . . . . . . 

Printing. By H. A. Maddox ...... 

Refractories for Furnaces, Crucibles, etc. By A. B. 
Searle .......... 

Refrigeration, Mechanical. By Hal Williams, M.I.Mech.E., 
M.I.E.E., M.I.Struct.E. Third Edition .... 

Seed Testing. By J. Stewart Remington .... 

Teaching Methods for Technical Teachers. By J. H. 
Currie, M.A., B.Sc., A.M.I.Mech.E. ..... 

Textiles for Salesmen. By E. Ostick, M.A., L.C.P. . 

PITMAN’S TECHNICAL PRIMERS 

Each in foolscap 8vo, cloth, about 120 pp., illustrated . 

In each book of the series the fundamental principles of 
some subdivision of technology are treated in a practical 
manner, providing the student with a handy survey of the 
particular branch of technology with which he is concerned. 
They should prove invaluable to the busy practical man who 
has not the time for more elaborate treatises. 

Abrasive Materials. By A. B. Searle 

A.C. Protective Systems and Gears. By J. Henderson, B.Sc., 
M.C., and C. W. Marshall, B.Sc., M.I.E.E. 

Belts for Power Transmission. By W. G. Dunkley, B.Sc. 
Boiler Inspection and Maintenance. By R. Clayton. 
Capstan and Automatic Lathes. By Philip Gates. 

Central Stations, Modern. By C. W. Marshall, B.Sc., 
M.I.E.E. Second Edition. 

Coal Cutting Machinery, Longwall. By G. F. F. Eagar, 
M.I.Min.E. 

Continuous Current Armature Winding. By F. M. Denton, 
A.C.G.I., A.Amer.I.E.E. 

Continuous Current Machines, The Testing of. By Charles 
F. Smith, D.Sc., M.I.E.E., A.M.I.C.E. 

Cotton Spinning Machinery and Its Uses. By Wm. Scott 
Taggart, M.I.Mech.E. 

Diesel Engine^ The. By A. Orton. 

Drop Forging and Drop Stamping. By H. Hayes. 
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Pitman’s Technical Primers — contd. d. 

Electric Cables. By F. W. Main, A.M.I.E.E. Second 6 

Edition . 

Electric Cranes and Hauling Machines. By F. E. Chilton, 
A.M.I.E.E. 

Electric Furnace, The. By Frank J. Moffett, B.A., M.I.E.E., 
M.Cons.E. 

Electric Motors, Small. By E. T. Painton, B.Sc., A.M.I.E.E. 

Electrical Insulation. By W. S. Flight, A.M.I.E.E. 

Electrical Transmission of Energy. By W. M. Thornton, 

O.B.E., D.Sc., M.I.E.E. 

Electricity in Agriculture. By A. H. Allen, M.I.E.E. 

Electricity in Steel Works. By Wm. McFarlane, B.Sc. 

Electrification of Railways, The. By H. F. Trewman, 

M.A. 

Electro-Deposition of Copper, The. And Its Industrial 
Applications. By Claude W. Denny, A.M.I.E.E. 

Explosives, Manufacture and Uses of. By R. C. Farmer, 

O.B.E., D.Sc., Ph.D. 

Filtration. By T. R. Wollaston, M.I.Mech.E. 

Found rywork. By Ben Shaw and James- Edgar. 

Grinding Machines and Their Uses. By Thos. R. Shaw, 
M.I.Mech.E. 

Hydro-Electric Development. By J. W. Meares, F.R.A.S., 
M.Inst.C.E., M.I.E.E., M.Am.I.E.E. 

Illuminating Engineering, The Elements of. By A, P. 

Trotter, M.I.E.E. 

Industrial and Power Alcohol. By R. C. Farmer, O.B.E., 

D.Sc., Ph.D., F.I.C. 

Industrial Electric Heating. By J.W. Beauchamp, M.I.E.E. 

Industrial Motor Control (Direct Current). By A. T. 

Dover, M.I.E.E. 

Industrial Nitrogen. By P. H. S. Kemp ton, B.Sc. (Hons.), 
A.R.C.Sc. 

Kinematograph Studio Technique. By L. C. Macbean. 

Lubricants and Lubrication. By J. H. Hyde. 

Mechanical Handling of Goods, The. By C. H. Woodfield, 
M.I.Mech.E. 

Mechanical Stoking. By D. Brownlie, B.Sc., A.M.I.M.E. 

(Double volume, price 5s. net.) 

Metallurgy of Iron and Steel. Based on Notes by Sir 
Robert Hadfield. 

Municipal Engineering. By H. Percy Boulnois, M.Inst.C.E., 
F.R.San.Inst., F.Inst.S.E. 

Oils, Pigments, Paints, and Varnishes. By R. H. Truelove. 

Patternmaking. By Ben Shaw and James Edgar. 

Petrol Cars and Lorries. By F. Heap. 

Photographic Technique. By L. J. Hibbert, F.R.P.S. 

Second Edition. 

Pneumatic Conveying. By E. G. Phillips, M.I.E.E., 
A.M.I.Mech.E. 
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Pitman’s Technical Primers — contd. s . d. 

Power Factor Correction. By A. E. Clayton, B.Sc. (Eng.) 2 6 

Lond., A.K.C., A.M.I.E.E. 

Radioactivity and Radioactive Substances. By J. 

Chadwick, M.Sc., Ph.D. Third Edition. 

Railway Signalling : Automatic. By F. Raynar Wilson. 

Railway Signalling : Mechanical. By F. Raynar Wilson. 

Sewers and Sewerage. By H. Gilbert Whyatt, M.I.C.E., 
F.R.San.I. Second Edition. 

Sparking Plugs. By A. P. Young and H. Warren. 

Steam Engine Valves and Valve Gears. By E. L. Ahrons, 
M.I.Mech.E., M.I.Loco.E. 

Steam Locomotive, The. By E. L. Ahrons, M.I.Mech.E., 
M.I.Loco.E. 

Steam Locomotive Construction and Maintenance. By E. 

L. Ahrons, M.I.Mech.E., M.I.Loco.E. 

Steelwork, Structural. By Wm. H. Black. 

Streets, Roads, and Pavements. By H. Gilbert Whyatt, 

M. Inst.C.E., M.R.San.I. Second Edition. 

Switchboards, High Tension. By Henry E. Poole, B.Sc. 

(Hons.), Lond., A.C.G.I., A.M.I.E.E. 

Switchgear, High Tension. By Henry E. Poole, B.Sc. (Hons.) 

A.C.G.I., A.M.I.E.E. 

Switching and Switchgear. By Henry E. Poole, B.Sc. (Hons.), 

A. C.G.I., A.M.I.E.E. 

Telephones, Automatic. By F. A. Ellson, B.Sc., A.M.I.E.E. 

(Double volume, price 5s.) 

Tidal Power. By A. M. A. Struben, O.B.E., A.M.Inst.C.E. 

Tool and Machine Setting. For Milling, Drilling, Tapping, 

Boring, Grinding, and Press Work. By Philip Gates. 

Town Gas Manufacture. By Ralph Staley, M.C. 

Traction Motor Control (Direct Current) . By A. T. 

Dover, M.I.E.E. 

Transformers and Alternating Current Machines, The 
Testing of. By Charles F. Smith, D.Sc., A.M.Inst.C.E., 

Wh.Sc. 

Transformers, High Voltage Power. By Wm. T. Taylor, 
M.Inst.C.E., M.I.E.E. 

Transformers Small Single-Phase. By Edgar T. Painton, 

B. Sc. Eng. (Hons.) Lond., A.M.I.E.E. 

Water Power Engineering. By F. F. Fergusson, C.E., 

F.G.S., F.R.G.S. Third Edition. 

Wireless Telegraphy, Continuous Wave. By B. E. G. 

Mittell, A.M.I.E.E. 

Wireless Telegraphy, Directive. Direction and Position 
Finding, etc. By L. H. Walter, M.A. (Cantab.), A.M.I.E.E., 
X-Rays, Industrial Application of. By P. H. S. Kempton, 

B.Sc. (Hon.)., A.R.C.Sc. 
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COMMON COMMODITIES AND 

INDUSTRIES SERIES s . d. 

Each book is crown 8vo, cloth, with many illustrations, etc. . 3 0 

In each of the handbooks in this series a particular product 
or industry is treated by an expert writer and practical man 
of business. 

Asbestos. By A. Leonard Summers. 

Bookbinding Craft and Industry, The. By T. Harrison. 

Books: From the MS. to the Bookseller. By J. L. Young. 

Boot and Shoe Industry, The. By J. S. Harding, F.B.S.I. 

Second Edition. 

Bread and Bread Baking. By John Stewart. 

Brushmaker. The. By Wm. Kiddier. 

Butter and Cheese. By C. W. Walker Tisdale, F.C.S., and 
Jean Jones, B.D.F.D., N.D.D. Second Edition. 

Button Industry, The. By W. Unite Jones. 

Carpets. By Reginald S. Brinton. 

Clays and Clay Products. By Alfred B. Searle. 

Clocks and Watches. By G. L. Overton. 

Cloths and the Cloth Trade. By J. A. Hunter. 

Clothing Industry, The. By B. W. Poole. 

Coal. Its Origin, Method of Working, and Preparation for the 
Market. By Francis H. Wilson, M.Inst.M.E. 

Coal Tar. By A. R. Wames, F.C.S., A.I.Mech.E. 

Coffee. From the Grower to Consumer. By B. B. Keable. 

Cold Storage and Ice Making. By B. H. Springett. 

Concrete and Reinforced Concrete. By W. Noble Twelve- 
trees, M.I.M.E., A.M.I.E.E. 

Copper. From the Ore to the Metal. By H. K. Picard, M.Inst. 
of Min. and Met. 

Cordage and Cordage Hemp and Fibres. By T. Woodhouse 
and P. Kilgour. 

Corn Trade, The British. By A. Barker. 

Cotton. From the Raw Material to the Finished Product. By 
R. J. Peake. 

Cotton Spinning. By A. S. Wade. 

Drugs in Commerce. By J. Humphrey, Ph.C., F.J.I. 

Dyes and Their Application to Textile Fabrics. By A. J. 

Hall, B.Sc., F.I.C., F.C.S. 

Electricity. By R. E. Neale, B.Sc. (Hons.). 

Engraving. By T. W. Lascelles. 

Explosives, Modern. By S. I. Levy, B.A., B.Sc., F.I.C. 

Fertilizers. By H. Cave. 

Fishing Industry, The. By W. E. Gibbs, D.Sc. 

Furniture. By H. E. Binstead. Second Edition. 

Furs and the Fur Trade. By J. C. Sachs. Third Edition. 

Gas and Gas Making. By W. H. Y. Webber, C.E. 

Glass and Glass Manufacture. By P. Marson, Honours and 
Medallist in Glass Manufacture. 

Gloves and the Glove Trade. By B. E. Ellis, 
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Common Commodities Series — contd. s . d } 

Gold. By Benjamin White. 3 0 

Gums and Resins. Their Occurrence, Properties, and Uses. 

By Ernest J. Parry, B.Sc., F.I.C., F.C.S. 

Ink. By C. Ainsworth Mitchell, M.A., F.I.C. 

Iron and Steel. Their Production and Manufacture. By C. 

Hood. 

Ironfounding. Bv B. Whiteley. 

Jute Industry, The. By T. Woodhouse and P. Kilgour. 

Knitted Fabrics. By John Chamberlain and James H. 

Quilter. 

Lead. Including Lead Pigments. By J. A. Smythe, Ph.D., 

D.Sc. 

Leather. From the Raw Material to the Finished Product. 

By K. J. Adcock. 

Linen. From the Field to the Finished Product. By Alfred S. 

Moore. 

Locks and Lock Making. By F. J. Butter. Second Edition. 

Match Industry, The. By W. H. Dixon. 

Meat Industry, The. By Walter Wood. 

Oils. Animal, Vegetable, Essential, and Mineral. By C. 

Ainsworth Mitchell, M.A., F.I.C. 

Paints and Varnishes. By A. S. Jennings, F.I.B.D. 

Paper. Its History, Sources, and Production. By Harry A. 

Maddox, Silver Medallist Papermaking. Third Edition. 

Perfumery, Raw Materials of. By E. J. Parry, B.Sc., 

F I.C., F.C.S. 

Photography. By William Gamble, F.R.P.S. 

Platinum Metals. By E. A. Smith, A.R.S.M., M.I.M.M. 

Pottery. By C. J. Noke and H. J. Plant. 

Rice. By C. E. Douglas, M.I.Mech.E. 

Rubber. Production and Utilization of the Raw Product. 

By H. P. Stevens, M.A., Ph.D., F.I.C., and W. H. Stevens, 
A.R.C.Sc., A.I.C. Third Edition. 

Salt. By A. F. Calvert, F.C.S. 

Silk. Its Production and Manufacture. By Luther Hooper. 

Soap. Its Composition, Manufacture, and Properties. By 
William A. Simmons, B.Sc. (Lond.), F.C.S. 

Sponges. By E. J. J. Cresswell. Second Edition. 

Starch and Starch Products. By H. A. Auden, D.Sc., F.C.S. 

Stones and Quarries. By J. Allen Howe, O.B.E., B.Sc., 

M.Inst. Min. and Met. 

Sugar. Cane and Beet. By the late Geo. Martineau, C.B., and 
Revised by F. C. Eastick, M.A. Fifth Edition. 

Sulphur and the Sulphur Industry. By Harold A. Auden, 

M.Sc., D.Sc., F.C.S. 

Tea. From Grower to Consumer. By A. Ibbetson. 

Telegraphy, Telephony, and Wireless. By Joseph Poole, 
A.M.I.E.E. 

Textile Bleaching. By Alex. B, Steven, B.Sc. (Lond.) 4 F.I.C. 
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Timber. From the Forest to Its Use in Commerce. By W. 3 0 

Bullock. Second Edition. 

Tin and The Tin Industry. By A. H. Mundey. Second 
Edition. 

Tobacco. From Grower to Smoker. By A. E. Tanner. 

Weaving. By W. P. Crankshaw. 

Wheat and Its Products. By Andrew Millar. 

Wine and the Wine Trade. By Andre L. Simon. 

Wool. From the Raw Material to the Finished Product. By 
J. A. Hunter. 

Worsted Industry, The. By J. Dumville and S. Kershaw. 

Second Edition. 

Zinc and Its Alloys. By T. E. Lones, M.A., LL.D., B.Sc. 


RAW MATERIALS OF COMMERCE 

Edited by J. H. Vanstone, F.R.G.S. Assisted by 
Specialist Contributors. 

In two volumes, demy 4to, cloth gilt, 804 pp., with 
numerous illustrations. Complete 40s. net. 

A descriptive account of the vegetable, animal, 
mineral, and synthetic products of the world and of 
their commercial uses. 


The following Catalogues will be sent post free on application 

Scientific and Technical, Educational, Commercial, Shorthand, 
Foreign Languages, and Art 


PITMAN’S SHORTHAND 

INVALUABLE TO ALL BUSINESS AND PROFESSIONAL MEN 



DEFINITIONS AND FORMULAE 
FOR STUDENTS 

This series of booklets is intended to provide students with all 
necessary definitions and formulae in a convenient form. 

Aeronautics. By J. D. Frier, A.R.C.Sc., D.I.C. 

Applied Mechanics. By E. H. Lewitt. B.Sc., A.M.I.Mech.E. 
Building. By T. Corkhill, F.B.I.C.C., M.I.Str.E. 

Chemistry. By W. G. Carey, F.I.C. 

Coal Mining. By M. F>. Williams, F.G.S. 

Electrical. By Philip Kemp, M.Sc., M.I.E.E., Assoc. A.I.E.E. 
Electrical Installation Work. By F. Peake Sexton, A.R.C.S., 
A.M.I.E.E. 

Heat Engines. By Arnold Rimmer, B.Eng. 

Light and Sound. By P. K. Bowes, M.A., B.Sc. 

Marine Engineering. By E. Wood, B.Sc. 

Practical Mathematics. By Louis Toft, M.Sc. 

Each about 32 pp. Price 6d. net. 
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ENGINEERING AND INDUSTRIAL 
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IN SEVEN LANGUAGES 
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PORTUGUESE, RUSSIAN, AND GERMAN 

With an Index to Each Language 

Edited by 

ERNEST SLATER, M.X.E.E., M.I.Mech.E. 

In Collaboration with Leading Authorities 

Complete in five volumes. Crown 4to, buckram gilt, £8 8s. net. 
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